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SECTION  1 
Introduction 

An  improvement  to  the  Uniform  Geometrical  Theory  of  Diffraction  (UTD)  is  devel¬ 
oped  for  determining  the  high  frequency  electromagnetic  fields  near  the  caustic  caused 
by  the  curvature  of  an  edge.  This  improved  solution  will  be  referred  to  as  a  caustic 
corrected  UTD  (CC-UTD).  Although  the  UTD  of  Kouyoumjian  and  Pathak  [1]  cor¬ 
rectly  compensates  for  the  discontinuities  of  the  Geometrical  Optics  (GO)  fields,  it 
does  not  correct  for  caustics  created  by  a  curved  edge.  In  particular,  a  flat  plate  with 
a  curved  edge  that  is  symmetric  about  a  line  will  create  caustics  in  the  diffracted 
fields.  A  caustic  will  occur  when  the  source  or  observation  point  is  in  the  near-zone. 
In  this  case,  there  are  two  smooth  caustics  caused  by  the  diffracted  rays  that  form 
a  cusp  in  the  plane  of  symmetry.  In  terms  of  the  UTD,  the  two  caustics  are  created 
when  two  diffraction  points  merge  (coalesce).  The  cusp  of  these  caustics  is  formed 
when  three  diffraction  points  coalesce.  There  are  two  different  regions  in  the  plane  of 
symmetry.  The  caustic  lit  region  is  the  region  where  there  are  three  distinct  diffrac¬ 
tion  points  that  merge  at  the  cusp.  There  is  just  one  diffraction  point  on  the  other 
side  of  the  cusp.  This  is  called  the  caustic  shadow  region. 

In  the  pajst,  much  effort  as  been  spent  on  analyzing  the  far-zone  diffraction  from 
objects  with  curved  edges  and  curved  apertures  in  plane  screens.  Many  of  these 
solutions  have  been  obtained  using  dectric  and  magnetic  current  elements  that  flow 
along  the  curved  edge.  These  currents  are  called  equivalent  currents  because  they 
represent  the  distributed  effects  of  the  surface  current  on  the  faces  of  the  wedge. 
Many  fax-zone  solutions  have  been  obtained  using  this  type  of  solution. 


1 


Millar  [2,  3]  used  equivalent  currents  to  determine  the  far-zone  transmission  of 
a  plane  wave  through  apertures  in  plane  screens.  Equivalent  currents  are  derived 
and  applied  to  the  transmission  through  a  circular  aperture  in  [2].  Later,  in  [3],  the 
transmission  through  more  general  curved  apertures  is  discussed  and  the  special  case 
of  an  elliptic  aperture  is  analyzed. 

A  similar  equivalent  current  solution  was  used  by  Ryan  and  Peters  [4,  5]  to  obtain 
edge  diffracted  fields  in  the  axial  caustic  regions  of  circular  disks  and  cones.  The 
equivalent  currents  used  by  Ryan  and  Peters  are  not  only  valid  for  half-plane  diffrac¬ 
tion  but  also  wedge  diffraction.  These  equivalent  currents  were  also  generalized  to  try 
and  account  for  obliquely  diffracted  waves.  Many  other  solutions  have  been  obtained 
using  the  equivalent  currents  of  Ryan  and  Peters. 

The  scattering  by  a  finite  cone  has  been  studied  extensively  using  equivalent  cur¬ 
rents.  Burnside  and  Peters  [6,  7]  analyzed  the  scattering  by  a  cone  using  equivalent 
currents  to  determine  the  fields  in  the  axial  caustic  regions  and  to  include  higher- 
order  diffraction  mechanisms.  Also,  creeping  wave  excited  diffractions  on  a  cone  is 
analyzed  by  Choi,  Wang,  Peters  and  Levy  [8].  All  of  these  solutions  are  valid  for  the 
far-zone  scattering  of  a  plane  wave  by  a  finite  length  cone. 

Several  heuristic  modifications  to  the  Ryan  and  Peters  equivalent  currents  have 
been  proposed.  First,  Knott  and  Senior  [9],  proposed  the  substitution  sin^/3  = 
sin  0  sin /3'  to  enforce  reciprocity.  Next,  it  was  discovered  that  these  equivalent  cur¬ 
rents  tend  to  account  for  the  surface  more  than  one  time.  Sikta  and  Peters  [10]  used 
a  modified  edge  vector  to  heuristically  correct  for  this  problem.  This  modified  edge 
vector  is  commonly  called  a  stripping  vector.  Finally,  the  Ryan  and  Peters  equivalent 
currents  are  only  valid  for  far-zone  diffraction  problems.  To  use  this  concept  to  ana¬ 
lyze  near-zone  problems,  the  GTD  diffraction  coefficients  are  replaced  with  the  UTD 
dif&action  coefficients.  This  modification  was  first  made  by  Greer  and  Burnside  [11] 
and  later  by  Albertsen,  Balling  and  Jensen  [12]. 

Greer  and  Burnside  [11]  used  the  equivalent  current  concept  in  the  near-zone 
to  predict  the  high  frequency  fields  in  the  caustic  regions.  This  solution  consists 
of  the  formulation  of  a  diffraction  integral  using  equivalent  currents  and  numerically 
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integrating  them  to  obtain  the  diffracted  field  contribution  to  the  total  field.  Although 
their  solution  accurately  predicts  the  field  in  and  away  from  the  caustic  regions,  the 
physical  insight  that  is  geiined  from  a  ray  optical  solution  is  not  obtained.  Also,  this 
solution  can  take  a  considerable  amount  of  computer  time  because  the  diffraction 
integral  is  integrated  numerically. 

Later;  Albertsen,  Balling  and  Jensen  [12]  developed  an  equivalent  current  solution 
and  obtained  approximate  ray  optical  expressions.  Their  solution  begins  with  the 
development  of  a  diffraction  integral  using  near-zone  equivalent  currents  similar  to 
Greer  and  Burnside.  Next,  they  develop  approximate  ray  optical  expressions  by 
making  some  stationary  phase  approximations.  However,  they  do  not  use  uniform 
asymptotic  techniques  so  they  do  not  obtain  a  complete  or  uniform  solution.  This 
means  that  their  solution  is  bounded  in  the  caustic  regions,  but  it  does  not  reduce 
to  the  classical  UTD  solution  away  from  the  caustic.  Therefore,  this  solution  is  only 
applicable  in  the  immediate  vicinity  of  the  caustics.  The  classical  UTD  solution  must 
be  used  away  from  the  caustics.  This  makes  for  a  cumbersome  solution.  They  are 
also  unclear  about  where  and  how  the  two  solutions  should  be  blended. 

Although  the  equivalent  current  solutions  of  Greer  and  Burnside  or  Albertsen, 
Balling  and  Jensen  do  a  good  job  of  correcting  for  the  diffracted  field  caustics,  they  do 
not  account  for  the  re^ons  where  the  reflection  point  is  near  the  edge  when  diffraction 
points  are  coalescing.  This  is  not  a  problem  in  the  fax-zone  because  the  reflected 
field  exists  only  along  the  specular  direction.  This  phenomena  is  not  accounted  for 
because  the  equivalent  currents  are  derived  for  a  straight  edge  and  then  applied  to  a 
curved  edge.  We  should  not  expect  these  equivalent  currents  alone  to  correct  for  this 
phenomena  since  a  straight  edge  has  only  one  dif&action  point  and  a  curved  edge  has 
more  than  one  diffraction  point  in  the  near-zone. 

In  order  to  correct  for  the  coalescence  of  reflection  and  diffraction  points,  a  for¬ 
mulation  must  be  used  that  does  not  use  the  clcissical  GO  fields.  In  this  way,  all 
the  reflection  and  diffraction  points  can  be  accounted  for  by  the  uniform  asymp¬ 
totic  expansion.  The  Physical  Optics  (PO)  integral  is  typically  used  for  this  part  of 
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the  formulation.  Once  the  evaluation  of  the  PO  integral  has  been  performed  either 
numerically  or  asymptotically,  the  contribution  from  the  edge  must  be  corrected. 

One  method  of  correcting  for  the  incorrect  edge  contribution  is  to  use  the  Physical 
Theory  of  Diffiraction  (PTD).  The  PTD  consists  of  the  PO  contribution  plus  a  fringe 
equivalent  current  contribution  that  flows  along  the  edge  of  the  wedge.  This  fringe 
current  is  obtained  by  asymptotically  integrating  the  difference  between  the  exact 
diffracted  surface  currents  and  the  PO  diffracted  surface  currents  up  to  the  edge  of  the 
wedge.  A  fringe  equivalent  current  has  been  formulated  by  Michael!  [13]  and  Butorin, 
Martynov  and  Ufimtsev  [14]  which  is  valid  for  fax-zone  incidence  and  observation 
locations.  These  two  solutions  are  commonly  known  to  be  identical. 

More  recently,  the  Incremental  Theory  of  Diffraction  (ITD)  is  formulated  by 
Tiberio,  Maci  and  Toccafondi  [15,  16, 17].  The  ITD  consists  of  three  integral  contri¬ 
butions.  The  first  of  these  integrals  is  the  PO  surface  integral.  The  remaining  two 
integrals  are  line  integrals  along  the  edge  of  the  wedge.  These  line  integrals  are  used 
to  correct  for  the  incorrect  edge  information  of  the  PO  integral.  The  exact  diffracted 
field  and  the  PO  dif&acted  field  are  localized  using  a  Fourier  transform  pair.  In  doing 
so,  they  obtain  incremental  dif&acted  field  expressions  that  are  valid  in  the  near-zone. 

Both  the  PTD  and  the  ITD  methods  allow  for  a  more  complete  formulation  of 
radiation  and  scattering  problems  than  the  classical  equivalent  current  formulations. 
However,  to  obtain  a  ray  optical  solution  to  a  problem,  the  PO  integral  must  be 
asymptotically  evaluated.  If  this  can  not  be  accomplished,  some  approximations 
must  be  made  in  order  to  obtain  a  useful  engineering  solution.  One  of  the  most 
common  of  these  approximations  is  to  assume  that  the  PO  surface  integral  minus  its 
edge  contribution  is  the  GO  field.  For  neeir-zone  problems,  only  the  ITD  can  be  used 
in  this  manner  since  the  PTD  fringe  equivalent  currents  are  derived  for  only  fax-zone 
cases.  This  will  result  in  a  solution  that  is  similar  to  that  of  Greer  and  Burnside 
or  Albertsen,  Balling  and  Jensen.  However,  the  heuristic  modification  made  to  the 
fax-zone  equivalent  currents  axe  not  the  same  as  the  results  of  the  more  rigorous  ITD 
formulation. 
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The  ultimate  goal  of  this  report  is  to  develop  a  useful  and  efficient  solution  that  can 
be  used  to  solve  more  complicated  electromagnetic  radiation  and  scattering  problems 
dealing  with  the  diffraction  by  curved  edges.  Curved  edges  cause  caustics  in  the 
classical  UTD  ray  optical  solutions.  The  work  presented  in  this  report  is  devoted 
to  the  development  of  a  caustic  corrected  UTD  solution.  This  means  that  uniform 
asymptotic  techniques  are  used  to  obtain  a  solution  in  the  form  of  the  classical  UTD 
except  that  the  information  about  the  caustics  is  included.  One  of  the  requirements 
for  a  solution  to  be  uniform  is  that  it  must  reduce  to  the  classical  UTD  result  away 
from  the  caustics.  The  solution  must  also  be  bounded  near  the  caustic  and  reduce 
to  the  known  result  at  the  caustic.  This  is  accomplished  here.  Finally,  the  resulting 
solution  is  a  very  fast  and  efficient  way  of  computing  the  high  frequency  field  diffracted 
by  a  curved  edge  due  to  its  ray  optical  nature. 

This  solution  begins  in  a  way  that  is  very  similar  to  that  of  Greer  and  Burnside 
or  Albertsen,  Balling  and  Jensen.  A  diffraction  integral  is  formulated  using  the  In¬ 
cremental  Theory  of  Diffraction  (ITD)  recently  developed  by  Tiberio  and  Mad  [15, 
16, 17].  These  integrals  turn  out  to  be  very  similar  to  those  obtained  using  near-zone 
equivalent  currents.  Next,  these  integrals  are  asymptotically  reduced  on  the  lit  and 
shadow  sides  of  the  caustic.  A  uniform  asymptotic  expansion  similar  to  the  one  devel¬ 
oped  by  Chester,  Friedman  and  Ursell  [18]  is  used  to  obtain  a  caustic  corrected  UTD 
solution  on  the  lit  side  of  the  caustic.  A  uniform  asymptotic  expansion  using  classical 
stationary  phase  techniques  is  used  to  obtain  a  caustic  corrected  UTD  solution  on 
the  shadow  side  of  the  caustic. 

The  caustic  corrected  UTD  solution  obtained  in  this  report  is  consistent  with 
the  dassical  UTD.  The  CC-UTD  solution  smoothly  reduces  to  the  classical  UTD 
solution  of  Kouyoumjian  and  Pathak  on  both  sides  of  the  caustic.  Caustic  correction 
transition  functions  are  multiplied  by  the  dassical  UTD  solution  which  allow  the 
coalescing  diffraction  points  to  properly  combine  and  produce  the  correct  field  near 
the  caustic.  Only  one  diffraction  point  remains  on  the  shadow  side  of  the  caustic; 
however,  the  ray  field  expression  indudes  several  different  parts  to  obtain  a  uniform 
result.  The  first  part  of  this  diffracted  field  expression  consists  of  the  dassical  UTD 
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field  expression  multiplied  by  a  caustic  correction  transition  function.  The  remaining 
parts  of  this  diffracted  field  expression  are  curvature  dependent  expressions  that  are 
not  obtainable  using  classical  UTD  techniques.  These  expressions  are  cast  in  the 
form  of  the  UTD  diffracted  field  expression  multiplied  by  caustic  correction  transition 
functions  and  new  curvature  dependent  diffraction  coefficients. 

Chapter  2  of  this  report  is  a  brief  review  of  the  classical  UTD.  The  diffracted 
field  caustics  and  the  problems  they  cause  are  also  discussed.  Next,  Chapter  3  is  a 
derivation  of  many  of  the  common  incremental  diffracted  field  and  equivalent  current 
expressions.  These  expressions  are  derived  using  a  consistent  procedure  that  allows 
for  the  derivation  of  incremental  diffracted  fields  consistent  with  the  Physical  Theory 
of  Diffraction  and  the  Geometrical  Theory  of  Diffraction.  These  different  expressions 
are  compared  to  determine  which  expression  is  the  best  one  for  the  problem  to  be 
solved  here.  The  formulation  chosen  is  that  of  the  ITD.  In  Chapter  4,  the  ITD  is 
discussed  and  the  diffracted  field  contribution  is  derived  by  determining  the  field 
diffracted  by  a  wedge  and  the  Fourier  transform  used  to  convert  it  to  the  incremental 
diffracted  field  expression.  This  result  is  then  asymptotically  reduced  to  obtain  a 
closed  form  expression  that  is  easy  to  use. 

The  field  radiated  by  a  source  located  on  a  flat  plate  with  a  curved  edge  is  derived 
in  Chapter  5.  The  ITD  diffracted  field  integral  equation  is  formulated  and  asymptot¬ 
ically  reduced  on  the  lit  and  shadow  sides  of  the  caustic.  Two  geometries  are  studied 
in  Chapter  6  using  this  solution.  First,  the  radiation  by  a  monopole  mounted  on  a 
flat  plate  with  an  edge  defined  by  a  parabolic  equation  is  found.  This  geometry  is 
useful  in  isolating  just  the  phenomena  of  interest  because  it  is  semi-infinite  in  extent. 
It  is  also  a  simple  geometry  that  gives  valuable  insight  into  the  physical  nature  of 
the  solution.  The  CC-UTD  is  compared  with  the  classical  UTD  for  this  geometry. 
Next,  the  field  radiated  by  a  monopole  mounted  in  the  center  of  an  elliptic  disk  is 
determined.  This  geometry  is  used  to  show  the  applicability  of  this  solution.  The 
CC-UTD  solution  is  compared  to  the  classical  UTD  solution  and  a  Moment  Method 
(MM)  solution  for  this  geometry. 


6 


Chapter  7  is  devoted  to  the  derivation  of  the  more  general  scattering  solution. 
The  ITD  diflEracted  field  expression  is  derived  and  then  asymptotically  reduced  on 
the  lit  and  shadow  sides  of  the  caustic  to  obtain  closed  form  ray  optical  expressions 
consistent  with  the  classical  UTD.  In  Chapter  8,  the  field  scattered  by  a  flat  plate 
with  an  edge  defined  by  a  parabolic  equation  and  the  field  scattered  by  an  elliptic 
disk  are  determined.  Again,  the  plate  with  the  parabolic  edge  is  used  to  illustrate  the 
physical  nature  of  the  solution  and  the  elliptic  disk  is  used  to  illustrate  the  practical 
use  of  the  resulting  CC-UTD  solution.  The  CC-UTD  solution  for  the  plate  with  the 
parabolic  edge  is  compared  to  the  classical  UTD  solution.  The  CC-UTD  solution  is 
compared  with  the  classical  UTD  solution  and  a  MM  solution  for  the  scattering  by 
the  elliptic  disk.  Finally,  Chapter  9  is  a  summary  of  the  work  in  this  report  along 
with  some  concluding  remarks. 

This  report  also  includes  several  appendices.  First,  Appendix  A  is  the  closed  form 
evaluation  of  three  auxihary  integrals  used  in  the  determination  of  the  incremental 
diffracted  field  expressions  of  Chapter  3.  Appendix  B  is  a  derivation  of  the  uniform 
asymptotic  expansions  used  to  determine  the  diffracted  fields  on  the  lit  and  shadow 
sides  of  the  caustic.  This  appendix  also  proves  that  the  two  different  expansions  are 
indeed  uniform.  Next,  Appendix  C  contains  useful  formulas  for  the  calculation  of 
the  Parabolic  Cylinder  functions  used  in  the  caustic  correction  transition  functions. 
Finally,  Appendix  D  is  a  derivation  of  the  phase  function,  diffraction  parameter  and 
half-plane  diffraction  coefficient  derivatives  used  in  the  uniform  asymptotic  expan¬ 
sions. 

AH  of  the  fields  in  this  work  are  time  harmonic  with  an  assumed  time  dependance 
of  e*"*.  This  time  dependance  will  be  suppressed  throughout  this  report.  It  will  also 
be  assumed  that  the  free  space  wavenumber,  fc,  has  a  small  negative  imaginary  part. 
This  will  ensure  that  the  radiation  condition  is  satisfied  at  infinity.  In  addition,  the 
plates  are  assumed  to  perfectly  conducting. 
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SECTION  2 


The  Classical  Uniform 
Geometrical  Theory  of  Diffraction 


Many  geometries  considered  in  high  frequency  problems  can  be  evaluated  using  clas¬ 
sical  diffraction  techniques.  An  important  class  of  these  techniques  uses  the  Geomet¬ 
rical  Optics  (GO)  fields  along  with  diffracted  fields  to  correct  them.  One  of  the  most 
commonly  used  diffraction  theories  is  the  Geometrical  Theory  of  Diffraction  (GTD) 
and  its  uniform  version  the  Uniform  Geometrical  Theory  of  Diffraction  (UTD).  This 
chapter  is  a  brief  overview  of  the  UTD. 

The  GTD  was  developed  in  great  detail  by  Keller  [19]  and  is  a  ray  optical  technique 
that  separates  the  total  field  into  the  sum  of  various  types  of  fields  each  propagating 
according  to  its  own  specific  set  of  rules.  For  a  perfectly  conducting  wedge,  the  three 
types  of  fields  used  to  determine  the  total  field  are  the  incident  field,  the  reflected 
field,  and  the  edge  diffracted  field.  The  incident  and  reflected  fields  are  the  same  as 
those  typically  found  using  GO  techniques.  The  diffracted  field  derived  by  Keller  [19] 
is  valid  in  the  far-zone  but  does  not  correctly  compensate  for  the  discontinuities  of 
the  GO  fields  in  the  near-zone.  Along  the  incident  and  reflection  shadow  boundaries, 
the  GTD  diffracted  field  is  singular. 

The  UTD  derived  by  Kouyoumjian  and  Pathak  [1]  corrects  for  the  singularities 
of  the  diffracted  field  along  the  incident  and  reflection  shadow  boundaries  which  the 
GTD  does  not.  Their  solution  is  in  the  form  of  the  general  diffracted  ray  of  the  GTD 
except  uniform  diffraction  coefficients  are  used.  The  general  solution  to  a  problem 
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lias  the  form 


E\P)  =  E\P)  +  #(P)  +  E‘^{P)  (1) 

where  P*(P)  is  the  incident  field  at  the  observation  point  P  and  E^(P)  is  the  reflected 
field  at  P.  These  are  the  GO  fields.  There  are  also  diffracted  fields  of  the  form 

i-(P)  =  £■«?.)•  5(0.)  (2) 

where  D{Qe)  is  a  dyadic  diffraction  coefficient  given  by 

^Qe)  =  -  i^'^DniQe)  (3) 


and  E\Qe)  is  the  incident  field  at  the  point  of  diffraction  Qe-  The  geometry  for  these 
diffracted  rays  is  shown  in  Figure  1.  This  solution  is  also  in  the  standard  ray  fixed 
coordinate  system  where  the  polarization  vectors 
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form  a  spherical  coordinate  system  about  the  diffraction  point  Qc-  The  rays  diffracted 
by  the  edge  will  propagate  along  lines  which  minimize  the  distance  from  the  source  to 
the  edge  and  to  the  observation  point  according  to  the  generalized  Fermat’s  principle. 
The  diffraction  point  can  be  shown  to  be  located  where  ^  =  fi'.  It  is  also  dear  that 
this  distance  is  minimum  for  any  point  on  the  cone  with  a  half  angle  of  /3.  This  is 
known  as  the  diffraction  cone  or  the  Keller  cone  and  it  is  shown  in  Figure  2. 

The  UTD  diffraction  coeffidents  Dt{Qe)  and  Dh{Qe)  corresponding  to  the  soft 
and  hard  polarizations  are, 


DsAQe) 
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(5) 


where  ^  =p  The  Fresnel  transition  function  in  (5)  is 

oo 

F[aj]  =  2j-\/x^^  j  e~^'^dT  (6) 

where 


and  is  the  nearest  integer  satisfying 

2irnN^  —  7  =  i^r.  (8) 


This  transition  function  is  used  to  bound  the  diffracted  field  and  correctly  compensate 
for  the  discontinuities  of  the  GO  fields.  The  distance  parameters  £*,  i’’®  and  X'""  have 
been  obtained  for  a  general  curved  wedge  by  Kouyoumjian  and  Pathak  [1].  For  the 
cases  of  interest  in  this  work,  the  wedge  is  formed  by  two  flat  faces.  In  this  case,  the 
distance  parameters  axe 


X‘  =  1'°  =  X*"” 


—rr — : - — — ^ - r  Sill  D 

Pe  ip\  +  -S)  {P2  +  S) 


(9) 


where  p‘  is  the  radius  of  curvature  of  the  incident  wave  in  the  edge  fixed  plane  and 
p\  and  P2  are  the  two  principle  radii  of  curvature  of  the  incident  wave  at  the  point  of 
diffraction.  A  special  case  of  interest  here  is  for  a  plane  wave  incident  on  the  wedge. 
For  this  case,  the  distance  parameters  become  X*  =  X’’”  =  X*""  =  s  sin^  p. 

For  the  general  case  of  a  curved  edge,  the  incident  field  is  diffracted  astigmati- 
cally.  This  means  the  diffracted  field  wavefront  has  two  different  principle  radii  of 
curvature.  This  is  accounted  for  by  zm  amplitude  spreading  factor  in  the  diffracted 
field  expression.  This  amplitude  spreading  factor  is  defined  as  the  square  root  term 
in  (2).  The  astigmatic  tube  of  rays  diffracted  by  a  curved  edge  is  shown  graphically 
in  Figure  3.  Since  the  diffracted  field  exists  along  the  diffraction  cones,  the  edge  is 
the  first  caustic  of  the  diffracted  field.  The  second  caustic  of  the  diffracted  field  is  p'^ 
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and  is  given  by 


(10) 


_  1  ^  (?-?^)-TOe 
Pe  PgSin^fi 

where  pe  is  the  radius  of  curvature  of  the  incident  wave  in  the  edge  fixed  plane,  He 
is  the  unit  vector  normal  to  the  edge  and  directed  away  from  the  center  of  curvature 
and  pg  is  the  radius  of  curvature  of  the  edge  at  the  point  of  diffraction. 

Although  the  UTD  diffraction  coefficients  do  correct  the  GO  fields  at  the  incident 
and  reflection  shadow  boundaries,  they  do  not  correct  for  any  problems  that  may  be 
caused  by  the  amplitude  spreading  factor.  The  observation  point  is  in  the  near-zone 
for  the  case  of  interest  here.  This  means  that  it  is  possible  for  the  observation  point 
to  approach  the  second  caustic  of  the  diffracted  field.  When  this  occurs,  the  UTD 
diffracted  field  expression  becomes  infinite.  It  also  turns  out  that  this  happens  at  the 
same  time  two  or  more  diffraction  points  merge  (coalesce). 

In  an  attempt  to  correct  for  these  caustic  problems,  various  equivalent  current 
and  incremental  diffracted  field  expressions  have  been  derived.  Equivalent  currents 
are  filament  currents  that  axe  placed  along  the  edge  of  the  wedge.  These  equivalent 
currents  are  then  substituted  into  the  radiation  integral  and  integrated  along  the  edge 
to  obtain  the  total  dififracted  field  contribution.  An  incremental  diffracted  field  is  the 
field  diffracted  by  an  infinitesimal  length  of  the  edge  of  a  wedge.  This  incremental 
diffracted  field  is  then  integrated  along  the  edge  to  obtain  the  total  diffracted  field 
contribution.  These  techniques  will  be  used  in  this  work  to  find  the  field  near  the 
caustic  of  the  diffracted  field. 
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SECTION  3 

Incremented  Diffracted  Fields 


There  are  two  main  approaches  used  to  determine  the  field  diffracted  by  an  infinitesi¬ 
mal  length  of  the  edge  of  a  wedge.  The  first  of  these  is  based  on  the  currents  induced 
on  the  faces  of  the  canonical  wedge  geometry.  This  approach  is  consistent  with  the 
Physical  Theory  of  Diffraction  (PTD).  The  second  approach  is  based  on  the  field 
diffracted  by  the  canonical  wedge  geometry.  This  method  is  consistent  with  the  Ge¬ 
ometrical  Theory  of  Diffraction  (GTD). 

Many  people  have  worked  on  the  development  of  the  field  diffracted  by  an  in¬ 
finitesimal  length  of  the  edge  of  a  wedge  from  the  current  point  of  view.  Mitzner  [20] 
derived  incremental  length  diffraction  coefficients  for  arbitrary  aspects  of  observa¬ 
tion  using  the  non-\iniform  current  induced  on  the  two  faces  of  the  wedge.  Later, 
Michaeli  [21,  22]  derived  equivalent  currents  for  arbitrary  aspects  of  observation  us¬ 
ing  the  total  current  induced  on  the  two  faces  of  the  wedge.  It  was  then  shown  by 
Knott  [23]  that  the  total  current  part  of  Mitzner’s  solution  is  identical  to  Michaeli’s 
solution.  Both  of  these  formulations  suffer  from  singularities  along  certain  aspects  of 
observation.  Michaeli  [13]  rederived  his  equivalent  currents  using  a  different  direction 
of  integration  of  the  current  along  the  faces  of  the  wedge  to  eliimnate  these  mfimties. 
He  also  used  the  non-uniform  current  and  obtained  a  result  with  fewer  singularities. 
This  result  was  also  obtained  by  Butorin  and  Ufimtsev  [24]  for  the  scalar  case  and 
by  Butorin,  Martynov  and  Ufimtsev  [14]  for  the  vector  case.  The  equivalent  cur¬ 
rent  formulation  of  Ando,  Murasaki  and  Kinoshita  [25]  follows  the  same  procedure 
as  Michaeli  [13]  except  a  different  integration  direction  is  chosen  for  the  integration 
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of  the  surface  current.  Shore  and  Yaghjian  [26]  derived  expressions  of  a  similar  form 
that  are  used  to  determine  the  scattering  by  cracks  and  struts  of  reflector  antennas. 

A  different  approach  to  the  derivation  of  the  fleld  diffracted  by  an  infinitesimal 
length  of  the  edge  of  a  wedge  begins  with  the  actual  diffracted  field.  Ryan  and 
Peters  [4,  5]  compared  the  asymptotic  form  of  the  dif&acted  field  with  the  asymptotic 
form  of  the  field  radiated  by  a  line  source.  These  expressions  were  equated  and  solved 
for  the  eqiuvalent  currents.  However,  their  result  is  only  approximate  away  from 
normal  incidence.  Knott  and  Senior  [9]  enforced  reciprocity  to  heuristicaUy  modify 
the  Ryan  and  Peters  solution  to  improve  the  method  for  oblique  incidence.  This 
formulation  has  been  used  primarily  for  far-zone  problems.  Later,  the  concept  of 
stripping  was  used  to  improve  the  accuracy  of  these  solutions.  A  separate  field  based 
formulation  is  that  of  Arnold  [27].  He  assumes  a  double  spectral  integral  formula  and 
compares  its  asymptotic  resrdt  to  that  of  the  GTD.  This  is  then  used  to  solve  for  the 
unknown  argument  of  the  integral.  The  most  recent  field  based  derivation  is  that  of 
Tiberio  and  Maci  [15,  16,  17].  This  method  uses  a  Fourier  transform  pair  to  convert 
the  field  diffracted  by  the  canonical  wedge  geometry  into  the  field  dif&acted  by  an 
infinitesimal  length  of  the  edge. 

These  methods  are  aU  very  different  in  formulation,  but  are  all  used  to  describe 
the  same  physical  phenomena.  Therefore,  there  should  be  some  consistent  method 
for  formulating  them  all  in  the  same  basic  manner.  This  chapter  is  devoted  to  the 
development  of  a  imified  formulation  of  the  field  diffracted  by  an  infinitesimal  length 
of  the  edge  of  a  wedge.  This  is  accomplished  by  deriving  the  PTD  eqmvalent  currents 
from  the  current  on  the  faces  of  the  wedge.  This  is  then  transformed  to  obtain  the 
field  based  GTD  eqrdvalent  currents.  Finally,  all  of  these  solutions  are  compared. 

1  Double  Spectral  Integral  Formulation  of  the 
Field  Diffracted  by  an  Infinitesimal  Length  of 
the  Edge  of  a  Wedge 

In  the  determination  of  an  incremental  diffracted  field,  it  is  typical  to  find  the  field 
diffracted  by  an  incremental  length  of  an  infinite  two  dimensional  wedge.  This  is 
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usually  accompKshed  by  integrating  the  exact  surface  currents  of  each  face  of  the 
wedge  up  to  the  edge.  This  is  the  procedure  that  will  be  used  here  except  the  result 
will  be  put  in  a  general  form  that  will  allow  for  an  easy  comparison  between  the 
various  formulations.  This  section  is  a  derivation  of  the  double  spectral  integral  form 
of  the  field  diffracted  by  an  infinitesimal  length  of  the  edge  of  a  wedge. 

The  magnetic  field  scattered  by  an  object  is  easily  found  [28,  29]  as, 


e^r)  =  Jl vGoAr')  X  MR')  (11) 

s 

where  Go{R,R')  is  the  scalar  free  space  Green’s  function  and  Js{R')  is  the  induced 
surface  current.  For  the  specific  case  of  the  field  scattered  by  the  0-face  of  a  two 
dimensional,  perfect  electrically  conducting  wedge  as  shown  in  Figure  4, 

oo  oo  ^ 

K{R)=  I  I^GoiR,R')xJ:{R')dx'dz'=  I  dHt{R),  (12) 

~oo  0  -o® 

where  the  incremental  magnetic  field  scattered  by  the  0-face  of  an  infinitesimal  length 


of  the  edge  is 


oo 

dS;{R)  =  VGt{R,R')  X  f:{R') 


(13) 


and  J°{R')  is  the  surface  current  on  the  0-face  of  the  wedge.  The  spectral  domain 
form  of  the  scalar  free  space  Green’s  function  is 

dkxdk. 


r  D  ^  ^  ^  _  1  ff  Q-i[kx{x-x')+k4z-z' 


l+fcvivl] 


ky  ’ 


(14) 


where 


ky=i 


■,ilk^>kl  +  kl 


(16) 

[  -jyjki  + 1|  -  ■,ilk><kl  +  kl 

is  to  be  used  here.  The  gradient  of  the  scalar  free  space  Green’s  function  is  define  in 
cartesian  coordinates  as 


B  B,'  .dGo(R,R')  .  ^8Go(R,R')  ^  ,dG,{R,R') 


VGoiR,R')  =  i  y  '  +  y 


dz 


(16) 


where 


dGoiR^R') 

dx 


siis  Jj  •  K  ’ 

— oo 


(17) 
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Figure  4:  Canonical  geometry  for  tie  scattering  by  a  wedge. 
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where  ^ 

T(K,K-,^)  =  (22) 

0 

h{kx,  hz\ B!)  =  fc*(®  —  x')  +  ki{z  —  z')  +  ky\y\  (23) 

and 

/'(fe.fc.ij?)  =  +  s[aj;(-k')-aj:(«')] 

+  2[ieAJa*')]-  (24) 

Next,  the  surface  current  on  the  0-face  of  the  wedge  must  be  found.  Since  the 
0-face  of  the  wedge  lies  in  the  y  =  0  plane, 

f;{R')  =  Bo  X  j'(« ')1^,  (25) 

where  iio  =  y  is  the  unit  normal  vector  to  the  0-face  of  the  wedge  and  H*{R')  is  the 
total  magnetic  field.  Therefore,  we  find  that 

and 

=  -sj(fl')|^„  =  (2T) 
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are  the  x-  and  z-components  of  the  0-face  surface  current,  respectively.  The  incident 
wave  is  assumed  to  be  planar  for  the  remainder  of  this  chapter;  however,  the  procedure 
used  here  can  be  applied  to  other  incident  wave  types.  The  components  of  the  surface 
current  are  determined  from  the  expressions  for  the  exact  fields  in  the  presence  of  a 
wedge.  The  z-components  of  the  total  electric  field  and  the  total  magnetic  field  in 
the  presence  of  the  wedge  axe  [30], 

Ei{R)  =  [u(fepsini9',t-)  -u(A!psin;9',$+)] 

and 

Bi(R)  =  +  ; 

respectively,  where  =  ■^  q:  and  the  function  u(X,  $)  is 

u{x,-i!)  =  i  + 1  f;  (,•)”■/" cos  (I®) 

1  f  siii(^)e^-^“-< 

2irjnJ  cos(  J)  -  cos(  J) 

The  contour  of  integration  in  (31)  is  shown  in  Figure  5.  Substituting  (29)  into  (26) 
and  using  the  fact  that  “  -^^'(0)8111/?',  we  can  find  the  x-component  of  the 

surface  current  as 


(28) 

(29) 

(30) 

(31) 


(32) 


where  X  =  kx'sin/3'.  Also,  due  to  the  cylindrical  uniformity  of  the  wedge,  the 
transverse  components  of  the  total  magnetic  field  can  be  determined  from  the  z- 
components  using  [31] 


SKR)  =  +  ^zx  VtEiiR) 

which  allows  us  to  determine  the  p-component  of  the  total  magnetic  field  as 

Using  (29)  and  the  fact  that  J72(0)  =  we  find  that 


(33) 


(34) 


dHUR) 


dX 


i>=o 

p=x' 


=  2^^,(0)e 


-jkz'  cosfi'  9u{X,'tl}  ) 


dX 


(35) 
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Figure  6:  Change  of  integration  direction  along  the  face  of  a  wedge. 


and  using  (28)  and  £?’(0)  =  2r^,(0)Zcsin/3', 


dEi{R) 


prrx' 


(36) 


Therefore,  substituting  (35)  and  (36)  into  (34)  the  z-component  of  the  0-face  surface 
current  is  given  by 


Jt{R') 


=  2i.ff^,(0)e--'*^'"“^' 
-b  2iJf;,(0)e-^**''“^' 


du(x,n 

^  dX 
1  du{X,i;') 

X  dfj}' 


(37) 


where  again  X  =  kx'  sin 

The  integration  along  a  strip  of  infinitesimal  width  in  the  x'  direction  will  be 
changed  to  an  integration  along  an  arbitrarily  directed  strip  as  shown  in  Figure  6  in 
an  attempt  to  make  the  final  result  as  general  as  possible.  The  change  of  variables 


s'  -+  <r'sin7 
z'  — ♦  z'  -f  O''  cos  7 
dx'  ^  ^ 


(38) 

(39) 

(40) 
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is  used  to  reorient  the  integration  along  the  face  of  the  wedge  to  be  in  an  arbitrary 
direction.  Therefore,  substituting  (39)  into  (32)  we  obtain  the  x-component  of  the 
surface  current 


=  2[^'-  H'{z')]  sin)0'u(X,  V’O  (41) 

and  substituting  (39)  into  (37)  we  obtain  the  z-component  of  the  surface  current 
J°{R')  =  cos 


-L  OoTT*  (r\\f,-jkz*  cos -jX  cot^ cot  1  du[X^'ll^  ) 
-r  e  ^ 

=  2;  [^'  •  #•>')]  cos^' 

+  2j  ■  g‘(y)] 


(42) 


This  change  of  variables  also  results  in  the  change  X  =  ka' sm'ysin /3'.  Using  this 
residt  and  the  change  of  variables  of  (38)  and  (39),  (23)  becomes 


where 


Q{kx,kz] z'')  —  kxX  +  kzi^z  —  z  )  +  fcj/|2/|. 
Next,  substituting  (41)  through  (43)  into  (22)  we  get 


(44) 


+  2[^'.FV)]4.|5^£^3) 


.7.1 

k  sin.^' 


+v  f-2  [$'  ■  #(*')]  ^  cot/T  CTj  -  2  [^ '  •  J'Xz')] 

-2,-[^'.#(3')]^f7,) 

+2  (2,-  [I'  •  ffiz')]  £,  ^  IT,)  I 


Vz 


where  the  auxiliary  integrals  are  defined  as 

00 

P,  =  y  u(X,rl>')e’’‘UX, 


(45) 


(46) 
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(47) 


and 


with 


c= 


kx  sin  7  +  (kx  —  k  cos  ^')  cos  7 


(48) 


(49) 


k  sin  7  sin  /?' 

It  is  found  in  Appendix  A  that  the  closed  form  endpoint  contributions  (i.e.,  the 
contribution  from  the  edge)  of  the  auxiliary  integrals  (46)  through  (48)  are 


cind 


=  7:^  Gl(a), 

(50) 

j  Sin  a 

U2  =  - cot  a  Glia)-- 

n 

(51) 

Vz  =  G°ia), 

(52) 

respectively.  The  functions  G°l^{a)  are  the  spectral  diffraction  coefficients  of  the 
0-face  of  the  wedge 


,  N  —if  f TT  —  (a  — f T  —  (a  + 
GU-)  =  2^  [cot  (  Tcot  (— 


(53) 


for  the  soft  and  hard  polarizations  and  a  =  cos~^  (  where  (  is  given  in  (49).  The 
proper  definition  of  the  inverse  cosine  function  is  given  in  (594)  and  (595)  of  Ap¬ 
pendix  A.  Lastly,  the  cartesian-to-spherical  coordinate  transformation 


X  =  rsm^cosif)  +  cos  ^  cost/}  — 
y  =  rsm0smij;  +  ^  cos /3  sin  1/; +  1/;  cost/} 
z  =  f  cos/?  —  )0sinj0 


(54) 

(55) 

(56) 


is  used  in  (45)  to  convert  the  answer  into  the  standeird  spherical  ray  fixed  coordinate 
system.  The  resulting  solution  can  now  be  written  in  the  standard  dyadic  form 


dH^{R)  =  H'{z')^g‘>(z')dz' 


(57) 


24 


where 


55(/)  =  W(K,  k,;  (58) 

— oo 

The  amplitude  function  of  this  double  spectral  integral  is  a  dyadic  of  the  form 

K{kx,kz',z')  =  —P'r  Ki3ir{kx,kz]z')  — K,j,iT{kx,kz‘,z) 

—^'l3  K^i^{kx,kz',z')  —  iff'fi  K^>^[kxikz\z ) 

Kp>^{kx,kz\z')  K^'^{kx,kz]z')  (59) 

where  the  terms  in  the  dyadic  axe: 

{k  k 

2ey-^  sin  p  cos  ip  cot  )3'  cot  a  -  2  y  sin  /3  sin  ip  cot  ^  cot  a 

sin^_2 

k  sin  a  ^  k  sm  a ) 

{  ky  sin  13  cos  ip  cot  ^  kx  sin  psraip  cot  fi'  \ 
n  k  n  J 

(805) 

{k 

2ey-^  cos  13  cos  ip  cot  )9'  cot  a  -  2  y  cos  ^sm  ip  cot  /?'  cot  a 

k  sm  a  fc  sm  a  J 

ky  cos^cosV>cot  kx  cos /3  sin  ^  cot 


|2ey 


kx  cosy? sin  1 
k  sin  P' 


,,  ,,  ,  /X  cosySsinV’  „  ^  ky  cos ^cosip\  .  . 

KMk.,kx‘,z')  =  |2y-y^yj - ^e.y-y^jO) 

{k  k 

-2  Ey  y  sin  V»  cot  y0'  cot  a  -  2  y  cos  ip  cot  P’  cot  a 

k  sm  a  J 

{ky  sin  Ip  cot  P'  „  kx  cos  ip  cot  P'  \ 

— z  ^  1 


(60c) 


(60d) 


(60e) 


This  is  a  convenient  form  of  the  solution  because  it  allows  for  an  easy  comparison 
between  the  incremental  diffracted  field  solutions  consistent  with  the  PTD  and  the 
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GTD.  It  is  also  convenient  because  if  we  compare  (58)  with  (14),  we  see  that  they 
both  have  a  very  similar  form.  Therefore,  (58)  may  be  interpreted  as  a  spherical 
wave  propagating  outward  from  a  point  z'  on  the  z-axis.  Each  of  these  spherical 
waves  are  weighted  diiferently  for  each  co-polarized  and  cross-polarized  diifracted  field 
component.  These  weighting  functions  are  related  to  the  soft  and  hard  diffraction 
coefficients  eis  expected. 

This  result  is  similar  to  that  of  Arnold  [27]  except  for  a  few  key  points.  The  result 
obtained  by  Arnold  is  only  a  scalar  formulation.  Also,  Arnold’s  result  is  obtained  us¬ 
ing  a  different  procedure  which  assumes  that  the  integral  along  the  edge  is  performed 
first  and  then  the  spectral  integrals.  For  this  case,  he  concludes  that  the  amplitude 
function  of  this  integral  need  only  contain  information  along  the  Keller  cone  direc¬ 
tions.  This  is  true  because  once  the  integral  along  the  edge  is  performed,  the  spectral 
integrals  have  dominant  contributions  near  the  Keller  cone  directions.  According  to 
the  method  of  stationary  phase,  the  spectral  integrals  can  be  approximated  using  only 
the  values  of  the  integrand  near  the  KeUer  cone  directions.  Therefore,  the  information 
about  the  fields  along  the  Keller  cone  directions  can  be  continued  to  other  directions 
with  little  change  in  the  resulting  solution. 

Although  this  formulation  is  mathematically  precise,  it  is  practical  for  only  a  few 
specific  problems.  It  is  assumed  that  the  integral  along  the  edge  can  be  done  in 
closed  form.  This  can  be  done  only  for  simple  geometries.  In  order  to  encompass  a 
wider  class  of  problems,  it  is  desired  to  determine  a  closed  form  result  for  the  spectral 
integrals  and  leave  only  the  integral  along  the  edge.  This  can  not  be  accomplished 
using  Arnold’s  procedure. 

2  Incremental  Diffracted  Fields  Consistent  with 
the  Physical  Theory  of  Diffraction 

The  procedures  used  to  determine  PTD  equivalent  currents  are  used  here  to  obtain  the 
field  diffiracted  by  an  infinitesimal  length  of  the  edge  of  a  wedge.  This  is  accomplished 
simply  by  asymptotically  reducing  (58)  to  obtain  a  closed  form  result.  In  this  section. 
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an  asymptotic  expression  for  the  incremental  diffracted  field  from  the  total  surface 
current  is  determined. 

It  should  be  noted  that  the  PTD  method  uses  the  non-uniform  current  to  correct 
the  Physical  Optics  (PO)  current  near  an  edge.  This  non-uniform  current  is  usually 
asymptotically  integrated  up  to  the  edge  of  the  wedge  to  obtain  a  fringe  equivalent 
current.  The  PO  current  subtracted  from  the  total  current  is  the  non-uniform  current. 
The  expressions  derived  in  this  section  correspond  to  the  total  current  component 
of  the  fringe  equivalent  current  written  in  diffracted  field  form.  Also,  (57)  will  be 
evaluated  assuming  a  far-zone  observation  point.  In  this  way,  simpler  formulas  are 
obtained  which  makes  the  comparison  with  the  incremental  diffracted  field  that  is 
consistent  with  the  GTD  much  easier. 

The  asymptotic  expansion  of  (68)  begins  by  determining  the  stationary  phase 
point  of  the  double  spectral  integral.  It  is  a  straightforward  and  simple  exer¬ 
cise  to  show  that  the  stationary  phase  point  of  (58)  is  located  at  {kxa,Ks)  = 
(ksinyScosV’jibcos^).  It  is  also  easy  to  show  that  -1-  kl,  and  therefore  (15) 

evaluated  at  the  stationary  phase  point  is 


kya  =  £yk  sin  ^  sin  Ip. 


(61) 


The  asymptotic  expansion  of  (58)  using  the  double  integral  stationary  phase  method  [32] 
is 


dkx dkr 


iirkya  y/\AB  —  jBT^I 


=  K{kxa^kxa’,z')e 


(62) 


where  it  is  assumed  that  ^{kx.,kz\z')  is  a  smooth  and  slowly  varying  function  of  K 
and  kz  near  the  stationary  phase  point.  This  is  valid  for  far-zone  observations.  The 
phase  O’,  of  the  asymptotic  expansion  is  defined  as 


+1 

;if  AB>.ff2^dA>0 

-1 

;  if  AB  >  .ff  2  and  A  <  0 

(63) 

-3 

;  if  AB  < 
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where  the  functions  A,B  and  H  are 


k  sia^ 


2  J.  ^ 


d‘^q{k:,,k^',z') 


(Jb*,itx)=(itx.,itz 


T  (sin^  P  sin^  ij}  +  cos^  fi) 

k  sin^  j3  sin^  -0 


H  =  -  ^  rcosygcosV» 

(ibx,fcx)=(ikx.,Jfcx.)  ^sin^sin^V^’ 

respectively.  Also,  r  is  the  radial  distance  between  any  point  on  the  edge  and  the 
observation  point.  Using  (64)  through  (66)  it  is  a  simple  task  to  show 


yJ\AB-H^\  T 

and  that  AB  >  and  A  >  0  which,  from  (63),  leads  to  the  fact  that  <t  =  +1. 
Lastly,  evaluating  (60) 

|2^Gr(a)| 

S  / r  L  sin  /3  (cos  V>  cot  ^  -  cos  a  cot  ^') 

\  sin  a  ' 


and  (44) 


q{kxs,kze’,z*)  =  kr 


at  the  stationary  phase  point,  aU  the  quantities  in  (62)  are  completely  determined. 
Therefore,  the  far-zone  asymptotic  expansion  of  (57)  is 


—  p-jkr 


where 


dHl{R)  ~  H\z')  •  V{z')  - dz' 

Aft 

_Qfr  L  sin  (cos  rf>  cot /3-  cos  a  cot  P') 

\  sin  O'  ' 

2  sin  P  cot  0'  1 
n  J 
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and 


f  (cos^  -  c^g;)  ^,1  (72) 

[  sm/3'  sin^'  J 

Again,  the  proper  definition  of  the  inverse  cosine  function  is  defined  in  (594)  and  (595) 

of  Appendix  A.  It  is  now  a  simple  task  to  compare  this  solution  with  other  existing 

equivalent  current  and  incremental  diffracted  field  solutions. 

If  the  orientation  of  the  integration  strips  along  the  face  of  the  wedge  is  normal 
to  the  edge  (i.e.,  7  =  f )  we  get  the  solutions  of  Mitzner  [20]  and  Michaeli  [21,  22]. 
Recalling  the  fact  that  Mitzner  used  the  non-uniform  current  in  his  solution,  the  field 
from  the  total  current  was  shown  by  Knott  [23]  to  be  the  same  as  that  obtained  by 
Michaeli.  As  discussed  by  Michaeli,  this  solution  predicts  singular  fields  for  certain 
aspects  of  observation.  To  eliminate  most  of  these  singularities,  the  orientation  of  the 
integration  strips  is  changed. 

By  reorienting  the  integration  along  the  face  of  the  wedge  to  be  along  the  direction 
of  the  grazing  diffracted  ray  (i.e.,  7  =  P')  the  solutions  of  Michaeli  [13],  Butorin  and 
Ufimtsev  [24]  and  Butorin,  Martynov  and  Ufimtsev  [14]  are  obtained.  The  paper  by 
Butorin  and  Ufimtsev  is  a  scalar  version  of  the  more  general  vector  electromagnetic 
solution  of  Butorin,  Martynov  and  Ufimtsev.  It  is  also  commonly  understood  that 
the  solution  of  Butorin,  Martynov  and  Ufimtsev  is  identical  to  that  of  Michaeli.  In  all 
three  of  these  solutions,  the  non-uniform  current  is  used.  However,  if  the  solutions  in 
these  papers  were  performed  using  the  total  surface  current,  we  obtain  the  solution 
found  in  this  section  with  7  = 

Another  direction  of  integration  of  the  strips  along  the  face  of  the  wedge  is  pro¬ 
posed  by  Ando,  Murasaki  and  Kinoshita  [25].  The  direction  they  propose  is  the 
projection  onto  the  half-plane  of  the  difference  between  the  directions  of  observation 
and  the  KeUer  cone.  Although  this  choice  of  directions  does  produce  an  equivalent 
current  with  no  singularities,  it  heis  no  physical  meaning  since  the  current  flows  in 
the  7  =  direction. 
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3  Incremental  Diffracted  Fields  Consistent  with 
the  Geometrical  Theory  of  Diffraction 


The  important  difference  in  the  formulation  of  the  incremental  diffracted  fields  that 
are  consistent  with  the  PTD  and  the  GTD  is  the  choice  of  the  coordinate  system  for 
the  spectra.  The  PTD  incremental  dif&acted  field,  as  derived  in  Section  2,  was  found 
using  a  cartesian  spectral  integration.  On  the  other  hand,  the  GTD  incremental 
diffracted  field  can  be  obtained  by  converting  the  cartesian  spectral  integration  to  a 
spherical  spectral  integration.  This  section  is  devoted  to  the  conversion  of  the  double 
spectral  integral  in  (58)  from  cartesian  coordinates  to  spherical  coordinates.  This  is 
then  asymptotically  reduced  to  obtain  a  closed  form  result. 

To  obtain  the  proper  variable  substitution,  we  recall  from  (49)  and  (594)  that 

.  kx  sin  'y  +  (kx  —  k  cos  8')  cos  7 

C  =  cosa  =  - — - .  -■  - 

k  sin  7  sin  p' 

If  this  equation  is  used  to  define  the  coordinate  transformation,  we  can  choose 


kx  =  fcsin^'cosa 


(74) 


and 

kx  =  kcosfi'  (75) 

for  our  substitutions.  This  is  easily  recognized  as  two  of  the  three  variable  changes 
from  cartesian  coordinates  to  spherical  coordinates.  Using  a  standard  spherical  coor¬ 
dinate  transformation,  we  find 


ky  =  k  sin  /?'  sin  a  (76) 

as  the  remaining  variable  cheinge.  It  is  important  to  understand  that  integrating 
the  spectra  in  cartesian  coordinates  is  the  same  as  integrating  the  projection  of  the 
spherical  spectra  on  the  kx-kx  plane.  Therefore,  the  infinitesimal  area  of  the  projection 
is  [33] 

^^  =  Jfesin^'(£ad/3'.  (77) 

ky 
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This  completes  the  required  variable  substitutions.  However,  to  avoid  confusion, 
a  dummy  variable  substitution  of  — »  6'  will  be  used.  Therefore,  the  change  of 
variables  becomes 


kx 

=  k  sin  6'  cos  a 

(78a) 

ky 

=  k  sin  6'  sin  a 

(78b) 

kz 

=  k  cos  9' 

(78c) 

dkxdkz 

=  ksinB'  da  d9' . 

(78d) 

v 


Next,  to  obtain  a  convenient  and  standard  result,  the  directions  of  integration  of  both 
spectral  integrals  are  reversed 


-oo 

1  rr=^ 


T  jf  ^(k„  K-,  ')+‘.lvO 


The  contours  of  integration  must  now  be  properly  mapped.  The  contour  of  in¬ 
tegration  in  the  6'  plane  is  simple  to  determine.  The  angle  B'  is  real  between  0  and 
TT  from  the  spherical  coordinate  transformation.  The  remainder  of  the  contour  is 
mapped  into  the  complex  9'  plane  from  —joo  — ^  0  and  ir  —*  ir  -f- joo.  This  contour  of 
integration  is  shown  in  Figure  7. 

The  contour  of  integration  in  the  a  plane  requires  more  care.  The  result  in  (57) 
through  (60)  expresses  the  radiation  from  a  narrow  strip  of  current  on  the  0-face  of 
the  wedge  in  free  space.  Therefore,  this  result  no  longer  has  any  explicit  information 
about  the  0-face.  It  is  important  to  take  this  information  into  account  when  making 


the  transformation. 


To  attain  the  correct  transformation,  the  condition  that  the  field  scattered  by 
each  strip  on  the  0-face  of  the  wedge  must  be  invariant  under  reflection.  Therefore, 
the  range  of  and  il)'  must  be  restricted  to  be  0  <  <  x  which  makes  Sy  =  -1-1. 

Once  the  transformation  is  made  under  this  condition,  the  angles  V*  V'*  can  be 


analytically  continued  for  all  possible  angles. 

Recall  that  the  integration  of  the  spectra  in  cartesian  coordinates  is  the  same  as 
the  integration  of  the  projection  of  the  spherical  spectra  on  the  k^-kz  plane.  Also,  the 
spherical  spectral  integration  is  only  performed  over  the  upper  hemisphere  because 
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Im  e’ 


Figure  7:  Contour  of  integration  in  the  Q'  plane. 
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Im  a 


Figure  8:  Contour  of  integration  in  the  a  plane. 


Cy  =  -fl.  Therefore,  the  angle  a  is  real  between  0  and  tt.  Again,  the  remainder  of 
the  contour  is  mapped  into  the  complex  a  plane  from  —joo  — »  0  and  tt  — »  tt  +  jog.  It 
is  also  important  to  remember  that  this  is  ein  incremental  diffiracted  field  and  so  the 
contour  of  integration  must  be  properly  indented  such  that  none  of  the  Geometrical 
Optics  (GO)  poles  are  crossed  by  a  deformation  of  the  contour  of  integration  to  its 
steepest  descent  path.  The  contour  of  integration  depends  on  the  location  of  both  the 
GO  poles  and  the  saddle  point;  however,  an  example  of  this  contour  of  integration  is 
shown  in  Figure  8. 

Using  the  change  of  variables  of  (78)  in  (79),  the  resulting  solution  can  be  written 
in  the  standard  dyadic  form 


87r2y 


Cq!  Ca 


(80) 
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and 

g{6',  a;  z')  =  cos  6'  cos  /3  +  cos(a  —  -0)  sin  6'  sin  yS  (81) 

where  0  <  ip, t  and  the  contours  of  integration  Cei  and  Ca  are  shown  in  Figures  7 
and  8,  respectively.  From  (60),  the  amplitude  function  of  this  double  spectral  integral 
is  a  dyadic  of  the  form 

Kg{d', a;  z')  —  —P't  a; z')  —  ^'r  a; z') 

a;  z')  -  -0  'y0  K,i,.0{e',  a;  z') 

K0.4e',  a;  z')  -  0  '0  K,i,.49',  a;  z')  (82) 

where  the  terms  in  the  dyadic  are: 


K^.ri9\a-,z') 


K,j,.r{9',a-,z') 

KM^',a;z') 


K,l,ifi{9',  a;  z') 
K^>^{9',  a;  z') 


K,j,i,j,(9',  a;  z^) 


2  {sin  y0  cos  cos(a  —  ip)  —  cos  /?  sin  0'}  G'f,{a) 


+ 


f  sinyScos^'  .  ,  .1 

I  2  — -  sin(a  -  ip)  \ 


—2  sin  /3  sin(a  —  •0)  G^{a) 

2  {cos  y(3  cos  cos(q:  —  V’)  +  sin  /3  sin  9'}  (?^(q:) 

,  j^cos/3cos9'  .  , 

+  ^  2 -  sm(a  —  Ip) 


n 


I 


—2  cos  y(3  sin(a  —  ip)  G°{a) 
2  cos  sin(o  —  ■0)  ^^^(q:) 


+ 


r  „cos0'  ,  ,,i 

<  —2 -  cos(a  —  V*)  r 


2cos(a  —  ip)G°{a.) 


(83a) 

(83b) 

(83c) 

(83d) 

(83e) 

(83f) 


The  angle  ip  can  not  be  analytically  continued  since  the  saddle  point  in  the  a  plane 
is  located  at  —  ip.  The  saddle  point  would  move  outside  the  range  of  integration  if 
this  result  was  analytically  continued.  Therefore,  a  second  change  of  variables  should 
be  made  to  shift  the  saddle  point  location  in  the  a  plane  to  a  constant. 

To  transform  this  integral  to  an  integral  with  a  typical  diffraction  integral  con¬ 
tour,  let  us  assume  the  medium  is  slightly  lossy  so  that  k  possesses  a  small  negative 
imaginary  part.  The  contour  of  integration  in  the  a  plane  can  now  be  deformed  from 
Ca  to  Fa  as  shown  in  Figure  8.  Next,  we  use  the  change  of  variables 


a  —  Ip  =  IT  —  ^  , 


(84) 
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Figure  9:  Contour  of  integration  in  the  5  plane. 


and 

da  =  —d^  (85) 

which  maps  the  contour  of  integration  Fq  to  the  negative  of  the  contour  C(  shown  in 
Figure  9.  Finally,  rhanging  the  direction  of  integration  in  the  ^  plane,  the  solution 
can  now  be  written  in  the  standard  dyadic  form 

dH^{R)  =  H\z')  •  W{z’)  dz'  (86) 


where 


(87) 


and 


z')  —  cos  0'  cos  /S  —  cos  ^  sin  6'  sin 


(88) 


with  the  contour  of  integration  in  the  ^  plane  being  shown  in  Figure  9.  The  amplitude 
function  of  this  double  spectral  integral  is  a  dyadic  of  the  form 

Kz,^,{e',  (;  z')  -  -0  (;  z')  (89) 

where  the  terms  in  the  dyadic  are: 


KM«',(-,z') 


-2  {sin /3  cos  6'  cos  £  +  cos P  sin  0'} 


+ 


{  an  j3  cos  9'  .  1 


-2  sin sin  (§;(() 

—2  {cos  cos  9'  cos  ^  —  sin  P  sin  9'}  ) 


+ 


cos  3  cos  9'  . 

2  smfj 


—2  cos  P  sin  ^  (j^(0 
2  cos  sin 
-2cos(G:(0 


2cos8'sin{G;({)  +  2^^  cos{ 


n 


(90a) 

(90b) 

(90c) 

(90d) 

(90e) 

(90f) 


and  the  new  spectral  diffraction  coefficients  are 


(91) 


for  the  soft  and  hard  polarizations.  Since  the  saddle  point  in  the  ^  plane  is  located  at 
tbe  angles  if}  and  if}'  can  now  be  analytically  continued  for  angles  greater  than 
TT.  An  important  note  at  this  point  is  that  the  new  spectral  diffraction  coefficients 
in  (91)  for  the  0-face  of  the  wedge  are  identical  to  those  found  by  Michael!  [34]. 

In  order  to  compare  this  solution  to  the  solution  found  in  Section  2  it  is  convenient 
to  convert  the  integral  in  (87)  to  a  double  stationary  phase  integral.  To  accomplish 
this,  we  again  assume  the  medium  is  slightly  lossy  so  that  k  possesses  a  small  negative 
imaginary  part  so  that  the  contour  of  integration  in  the  9'  plane  can  be  deformed  from 
Ce'  to  Fg/  as  shown  in  Figure  7.  Finally,  changing  the  V2iriables  of  integration 


9'  p  +  jS 


(92) 
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^  TT  +  jV 

de'di  -dSdu 

in  (87)  results  in  the  double  stationary  phase  integral 


(93) 

(94) 


53(z')  =  ^  IT  +  jV;  W)  sin(^  +  jS)  dS  (95) 


where 


-  jkrg{fi  +  jS^i:  +  ju',z')  =  -krh{S,u\z')  +  jkrf{8,v\z'),  (96) 

h{8,  v\  z')  =  sin  cos  yS  sinh  ^  (1  —  cosh  v)  (97) 


and 


f{8,  v;  z')  =  —  cos^  /3  cosh  8  —  sin^  /3  cosh  v  cosh  8.  (98) 

It  is  a  simple  task  to  show  that  the  stationary  phase  point  is  located  at  (^j,  i/,)  =  (0, 0). 

As  was  done  in  Section  2,  the  high  frequency  expression  of  (95)  will  be  found 
agRUTTiiTig  a  fax-zone  observation  point.  Therefore,  using  the  double  integral  stationary 
phase  method  [32] 

— csinyS 


(99) 


4TryJ\AB  -  H^\ 

where  it  is  assumed  that  X,(/3+i^,ir-f  z')  is  a  smooth  and  slowly  varying  function 

of  8  and  v  near  the  stationary  phase  point.  This  is  valid  for  fax-zone  observations. 
Also,  a  is  defined  in  (63)  and  the  functions  A,B  and  H  axe 


A  _ 

dP 


B  = 


(«,i/)=(0,0) 

d^f{8,u-,z')\ 


dP 


/(0,0;z')  =  -1  <  0, 

=  —  sin^  13 


and 


H  = 


(M=(o.o) 

_  aV(<,  .<;»')  I 


d8du 


0, 


respectively.  Using  (100)  through  (102)  it  is  a  simple  task  to  show  that 


(100) 

(101) 

(102) 

(103) 
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and  that  AB  >  and  ^4  <  0  which,  from  (63),  leads  to  the  fact  that  a  =  — 1. 
Lastly,  evaluating  (90) 

and  (88) 

^(^,7r;z')  =  l  (105) 

at  the  stationary  phase  point,  all  the  quantities  in  (99)  are  completely  determined. 
Therefore,  the  fax-zone  asymptotic  expansion  of  (86)  is 

dH^{R)  ~  H\z') .  f  (z')  ^  dz'  (106) 

47rr 

where 

{2G?(x)}-^'^  {2G°M}-0'i,  |-2^|-  (107) 

To  allow  for  an  easy  comparison  between  this  solution  and  the  solution  found  in 
Section  2,  we  recognize  that 

=  GUW  (108) 

where  G°f^{a)  axe  the  diffraction  coefficients  defined  in  (53)  that  were  used  in  Sec¬ 
tion  2.  Therefore,  (107)  can  be  written  as 

3(z')=-0'$  {2Gim-9'i’  {2a",m-$'^  |-2^J  (109) 

where  this  is  now  in  a  form  that  allows  for  an  easy  comparison  with  the  results  in 
Section  2. 

This  result  is  very  similar  to  the  GTD  equivalent  currents  that  axe  derived  from 
a  field  point  of  view.  The  equivalent  currents  of  Ryan  and  Peters  [4,  5]  were  derived 
for  the  caise  where  ^  =  /3'  =  ^.  These  equivalent  currents  were  then  heuristicaJly 
generalized  for  oblique  incidence  by  Knott  and  Senior  [9]  by  enforcing  reciprocity. 
Rewriting  this  result  in  the  form  of  an  incremental  diffracted  field  we  obtain  the 
same  expression  as  that  in  (106).  Also,  since  it  can  be  shown  that  the  double  spectral 
integral  representation  of  (86)  is  identical  to  the  one  obtained  by  Tiberio  and  Mad  [15, 
16, 17],  the  asymptotic  expression  in  (106)  is  also.  Therefore,  the  derivation  of  Tiberio 
and  Mad  is  a  rigorous  derivation  of  the  Ryan  and  Peters  result  with  the  heuristic 
modifications  of  Knott  and  Senior. 
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4  Comparison  of  Incremental  Diffracted  Field 
Solutions 

Since  tlie  PTD  and  GTD  incremental  diffracted  fields  are  all  derived  from  the  same 
point  of  view,  we  are  now  in  a  position  to  compare  the  results  of  each  of  the  different 
formulations.  This  section  is  a  comparison  of  the  PTD  and  the  GTD  incremental 
diffracted  fields.  The  advantages  and  disadvantages  of  each  is  also  discussed. 

The  double  spectral  integral  forms  in  cartesian  and  spherical  coordinates  produce 
the  same  results  in  this  form.  Therefore,  if  we  follow  the  procedure  proposed  by 
Arnold  [27]  and  the  integral  along  the  edge  is  performed  first,  both  spectra  will 
produce  the  same  result.  However,  as  discussed  earlier,  it  is  rare  to  work  a  problem 
in  which  the  integral  along  the  edge  can  be  done  in  closed  form.  This  means  that 
Arnold’s  procedure  is  not  very  practical.  The  most  practical  incremental  diffracted 
field  solution  is  obtained  by  asymptotically  reducing  the  spectral  integrals. 

The  only  difference  between  the  various  PTD  solutions  is  the  direction  taken 
for  the  integral  of  the  current  along  the  faces  of  the  wedge.  The  most  physically 
meaningful  direction  for  this  integration  is  that  of  the  grazing  diffracted  ray  as  pointed 
out  by  Michaeli  [13]  and  Butorin,  Martynov  and  Ufimtsev  [14].  This  produces  a  result 
that  predicts  fields  off  the  Keller  cone.  It  is  yet  to  be  shown  what  the  significance  of 
using  this  type  of  formulation  has  in  the  near-zone. 

The  GTD  incremental  diffracted  field  can  be  obtained  from  the  PTD  incremental 
diffracted  field  by  restricting  the  observation  point  to  lie  on  the  Keller  cone.  It  is 
then  reasoned  that  according  to  the  method  of  stationary  phase  the  integral  along 
the  edge  is  dominated  by  the  contribution  near  the  Keller  cone  direction.  Therefore, 
the  information  about  the  fields  along  the  Keller  cone  directions  can  be  continued 
to  other  directions  with  little  diange  in  the  resulting  solution.  The  main  advantage 
of  this  type  of  formulation  is  that  a  near-zone  incremental  diffracted  field  can  be 
obtained.  For  this  reason,  the  incremental  diffracted  field  formulation  of  Tiberio 
and  Maci  [15,  16,  17]  will  be  used  for  the  remainder  of  this  work.  A  more  detailed 
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derivation  of  the  near-zone  diffracted  field  contribution  of  the  ITD  is  performed  in 
the  next  chapter. 
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SECTION  4 

The  Diffracted  Field  Contribution 
of  the  Incremental  Theory  of 
Diffraction 


The  derivation  of  the  diffracted  field  contribution  of  the  Incremental  Theory  of  Diffrac¬ 
tion  (ITD)  consists  of  several  steps.  First,  the  exact  expression  for  the  field  diffracted 
by  the  canonical  wedge  problem  is  determined.  Next,  a  Fourier  transform  pair  rela¬ 
tion  is  derived.  This  is  then  used  to  find  the  field  diffracted  by  an  infinitesimal  length 
of  the  edge  of  the  wedge.  Finally,  this  expression  is  asymptotically  reduced  to  obtain 
a  closed  form  expression  that  permits  its  easy  application  to  more  general  geometries. 

i 

This  is  the  procedure  developed  by  Tiberio  and  Mad  [15,  16,  17].  This  chapter  is 
a  more  complete  discussion  of  the  ITD  as  opposed  to  Chapter  3  which  is  a  deriva¬ 
tion  of  the  diffracted  field  contribution  of  the  ITD.  The  diffracted  field  contribution 
formulated  in  this  chapter  is  obtained  using  the  procedure  proposed  by  Tiberio  and 
Mad  [15, 16, 17]  and  not  from  the  current  as  was  done  in  Chapter  3.  This  chapter  is 
devoted  to  the  discussion  of  the  ITD  method  and  the  development  of  the  near-zone 
diffracted  field  contribution  of  the  ITD. 

1  The  Incremental  Theory  of  Diffraction 

The  ITD  is  a  recently  proposed  method  for  determining  electromagnetic  fields.  The 
ITD  consists  of  three  separate  field  terms  as  formulated  by  Tiberio  and  Mad  [15, 16, 
17].  This  section  is  devoted  to  a  discussion  of  the  ITD. 
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The  ITD  consists  of  one  surface  integral  contribution  and  two  line  integral  contri¬ 
butions.  The  surface  integral  is  the  integral  of  the  field  radiated  by  an  infinitesimal 
patch  of  the  surface.  This  surface  integral  is  taken  to  be  the  Physical  Optics  (PO)  in¬ 
tegral.  To  compensate  for  the  incorrect  edge  contribution  of  the  PO  integral,  the  PO 
edge  contribution  is  subtracted  out  and  a  more  accurate  diffracted  field  contribution 
is  added.  These  are  the  two  line  integrals. 

Tiberio  and  Maci  propose  the  use  of  a  Fourier  transform  pair  to  obtain  the  con¬ 
tributions  from  an  infinitesimal  length  of  the  edge.  This  consists  simply  of  Fourier 
transforming  the  solution  for  the  infinite  wedge  case.  This  results  in  incremental  con¬ 
tributions  that  can  be  written  in  terms  of  incremental  diffracted  fields  corresponding 
to  the  PO  diffraction  and  the  exact  diffraction  by  the  wedge. 

Although  all  three  of  these  contributions  are  required  for  a  complete  ITD  solution, 
very  good  results  can  be  obtained  by  only  including  the  diffracted  field  contribution 
and  the  classical  Geometrical  Optics  (GO)  fields.  Since  the  PO  integral  without  its 
edge  contribution  is  essentially  the  GO  fields,  the  PO  and  PO  edge  contributions 
can  be  determined  approximately  using  the  classical  GO  theory.  Although  these 
contributions  axe  not  identical,  the  difference  is  small  for  most  cases.  For  this  reason, 
the  field  calculations  for  the  remainder  of  this  work  will  consist  of  the  GO  fields  being 
generated  using  classical  GO  techniques  and  the  dif&acted  field  being  generated  by 
the  incremental  diffracted  field  contribution  of  the  ITD. 

2  The  Canonical  Wedge  Solution 

The  derivation  of  the  diffracted  field  contribution  of  the  ITD  begins  with  the  exact 
solution  for  the  field  dif&acted  by  an  infinite  straight  edge  of  a  wedge  with  two  flat 
faces.  This  geometry  is  shown  in  Figure  10.  This  section  is  a  brief  derivation  of 
the  exact  diffracted  field  in  vector  form.  This  solution  is  written  in  a  form  that  is 
convenient  for  the  remainder  of  the  ITD  diffracted  field  solution. 

An  important  and  useful  fact  about  the  total  field  exterior  to  a  cylindrically  sym¬ 
metric  geometry  with  a  plane  wave  incident  is  that  the  transverse  field  components 
can  be  completely  determined  from  the  axial  field  component.  For  the  geometry  of 
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Figure  10:  Geometry  for  the  canonical  wedge. 
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Figure  11:  Contour  of  integration  for  the  canonical  wedge  geometry. 


interest  here,  this  means  that  the  total  field  in  the  transverse  directions  can  be  deter¬ 
mined  from  the  z-components  of  the  electric  and  magnetic  fields.  The  z-components 
of  the  electric  and  magnetic  fields  were  derived  by  Pathak  and  Kouyoumjian  [31]  and 
are 


E,{P)  =  -Ei 


2-Kj 


(110) 


and 


H.(P)  =  -Bi  if, 


(111) 


respectively;  where  k\  =  k  cos  I3'  and  kt  =  fcsin^'.  Also,  the  spectral  diffraction 
coefficients  are 


G..(f)  =  ^{cot(i^)Tcot(l^))  (112) 

where  ^  The  contour  of  integration  for  the  field  expressions  in  (110) 

and  (111)  is  shown  in  Figure  11.  The  total  electric  field  exterior  to  the  wedge  can 
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now  be  written  as 


E^{P)  =  M,(P)  +  zB4P) 


(113) 


where  Et{P)  are  the  treinsverse  field  components  of  the  total  electric  field.  This  is 
shown  by  Pathak  and  Kouyoumjian  [31]  to  be  related  to  the  z-components  of  the 
electric  and  magnetic  field 

EtiP)  =  ^Ve£?.(P)  +  X  VtE,{P)  (114) 

where 

„  ^9  rl  a 

It  is  a  simple  task  to  show  that  the  derivatives  with  respect  to  p  of  the  z-components 
of  the  electric  and  magnetic  fields  are 

±E.iP)  = 

=  -P‘ e-^***'^  /  cos£G',(Oe^'*‘'’"“^<i^  (116) 

ZTT  J 

L^L* 

and 

=  I  di,  (117) 

L-L* 


respectively.  The  derivatives  with  respect  to  ^  of  the  z-components  of  the  electric 
and  magnetic  fields  require  more  care.  The  differentiation  process  begins  with 

l^E.(P)  =-K^J  G,(o}  (118) 

L-L'  '  ' 

Next,  we  recognize  that 

^  <?.(«  =  I  G.(f)  (119) 

which  makes  (118) 

l±E.(P)  =  -Ei  g:  /  {I  G.(«}  ^  a.  (120) 
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This  integral  is  now  in  a  form  that  can  be  easily  evaluated  using  integration-by-parts. 
Using  integration-by- parts 


j  u  —  dx  =  uv  —  J  v^dx  (121) 

and  noting  that  the  values  of  the  integral  at  its  endpoints  is  zero,  (120)  becomes 

=  f  di  (122) 

27r  J 

which  is  the  derivative  of  the  z-component  of  the  electric  field  with  respect  to  V’  as 
desired.  The  derivative  of  the  z-component  of  the  magnetic  field  with  respect  to  -0  is 

=  I  di  (123) 

^  l-l' 

following  a  similar  procedure.  Noting  that  =  E'^,  sin  /3',  El  =  —  E'^,  sin  /3'  and 

using  the  coordinate  transformation 

p  =  rsin/S  +  /3  cos  /3  (124) 

z  =  f  cos  I3  — /3sm/3  ,  (125) 

the  resulting  solution  will  be  in  the  standard  ray  fixed  coordinate  system.  Substi¬ 
tuting  (114),  (116),  (117),  (122),  (123)  into  (113)  and  simplifying,  we  obtain  an 
expression  for  the  total  electric  field  given  by, 

Eoo{P)  =  E\Q')~  j  (126) 

where 

/(^,  P')  =  cos  P  cos  /?'  —  cos  ^  sin  /3  sin  /S'.  ( 127) 

Also,  the  dyadic  FooHiP')  is  given  by 

^oo(^,^0  =  -P'TFp..{W)  G.{i)  -  ^'f  i?Vv(^,^')  Gn{i) 

G.(i)  -  Gh{() 

-ff'fFMi,?')  G.{()  -  Gh{()  (128) 
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and  the  terms  in  the  dyadic  are: 


F^ir{i,  P')  =  sin  /3  cos  fS'  cos  ^  +  cos  sin  ( 129a) 

=  -sinySsin^  (129b) 

—  cos/3cos/3'cos  ^  —  siny0sin/3'  (129c) 

-  -cosySsin^  (129d) 

=  cos/3'sin^  (129e) 

=  ‘=05^  (129f) 


To  obtain  only  the  dii&acted  field  contribution  of  the  total  field,  we  begin  by 
closing  the  contour  of  integration.  This  is  accomplished  by  including  the  steepest 
descent  paths  through  the  points  ^  =  ±x  as  shown  in  Figure  11.  Now,  if  we  define 
the  contours  C  =  L  -  L'  +  Ti  +  T2  and  Tj  =  Tj  +  r2,  the  total  electric  field  is 

£„(P)  = 

-  £'(<?')•  2^ (130) 

It  is  shown  by  Pathak  and  Kouyoumjian  [31]  that  the  integral  on  the  contour  C 
produces  the  GO  fields  and  the  integral  on  the  contour  Ph  produces  the  diffracted 
field.  Finally,  the  field  diffracted  by  a  wedge  with  a  plane  wave  inddence  is 

Ji(P)  =  -E‘(Q')  ■  ^  (131) 

where  and  Foo{i,fi')  axe  given  by  (127)  and  (128),  respectively. 

3  The  Fourier  Transform 

The  next  step  in  the  development  of  the  ITD  diffracted  field  expression  is  the  deriva¬ 
tion  of  a  spedalized  Fourier  transform  pair.  This  is  used  to  obtain  an  incremental 
quemtity  from  the  infinite  wedge  solution  of  Section  2.  This  section  is  devoted  to 
the  derivation  of  the  Fourier  transform  pair  used  by  Tiberio  and  Maci  [15, 16,  17]  to 
obtain  this  incremental  quantity. 
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It  is  necessary  at  this  point  to  make  some  assumptions  about  the  desired  form  of 
the  resulting  solution.  It  is  assumed  here  that  the  diffracted  field  can  be  written  in 
the  form, 

oo 

Ei{P)  =  J  (132) 

— oo 

where  is  an  incremental  quantity  yet  to  be  found.  This  quantity  is  determined 

by  recalling  the  traditional  Fourier  transform  pair: 

oo 

A{x)  =  j  B{a)e-^°^da  (133a) 

— oo 

1  “ 

B{a)  =  ^  f  A{x)e^°^dx  (133b) 

2t  j 

— oo 

Next,  comparing  (132)  and  (133a),  we  obtain  the  change  of  variables 


a 

X 

B(a) 

A(x) 


z' 

k  cos 

EiiP) 


(134a) 

(134b) 

(134c) 

(134d) 


that  will  allow  us  to  use  the  Fourier  transform  pair  in  (133)  to  determine  Thus, 

substituting  (134)  into  (133b), 

k 


(135) 


is  the  unknown  incremental  quantity.  The  variable  of  integration  is  changed  to  /?'  to 
put  this  result  in  a  more  convenient  form.  The  dummy  variable  0'  is  used  to  avoid 
confusion.  Finally,  the  desired  Fourier  transform  pair  is: 


oo 

i^(P)  =  j  I\z')e-^'‘^'^^'dz' 

—  CO 

I\z')  =  —  f  Ei^{P)sm9'^*‘^'^^'d0' 

27r  J 


(136a) 


(136b) 


where  the  contour  of  integration  in  the  9'  plane  is  shown  in  Figure  12. 
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4  Formulation  of  the  Diffracted  Field  Contribu¬ 
tion  of  the  Incremental  Theory  of  Diffraction 

The  next  step  of  the  ITD  diffracted  field  formulation  is  simply  to  use  the  Fourier 
tr2insform  pair  developed  in  Section  3  to  convert  the  solution  of  the  infinite  wedge  of 
Section  2  into  the  field  diffracted  by  an  infinitesimal  length  of  the  edge.  This  section 
develops  the  final  ITD  diffracted  field  expression  and  converts  it  into  a  convenient 
form  for  its  use  on  more  general  problems. 

Although  (136)  is  a  valid  form  for  the  ITD  diffracted  field,  it  is  not  the  most 
convenient.  The  Fourier  transform  pair  in  (136)  can  be  written  in  the  more  convenient 
form, 

oo 

P(P)  =  j  d&{z')  (137) 

— oo 

with 

/.B^(P)sinfiV**'“*®'d0'  (138) 

27r  J 

where  dE'^{z')  is  the  field  diffracted  by  an  infinitesimal  length  of  the  edge  as  desired. 
Since  this  expression  is  for  an  infinitesimal  length  of  the  edge,  the  edge  can  be  r.banged 
to  any  general  edge  geometry.  Thus,  substituting  (131)  into  (138)  we  obtain  for  any 
general  shaped  edge, 

i‘^(P)  =  J  dE\l)  (139) 

where  is  the  contour  along  the  actual  edge, 

dE\l)  =  -dl  E\Q')  •  ^  j  j  Poo(e,  0')  sin  e'e-^'‘^^^^'^">dide'  (140) 

and 

/(^,  &)  =  cos  P  cos  O'  —  cos  ^  sin  /3  sin  O'.  (141) 

Also,  the  dyadic  Foo(^5^0  given  by 

G,«)  -^'1 /■«({,«')  G»K) 

G.iO  -  ^'^FM(,«')  G»(«  (M2) 
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and  the  terms  in  the  dyadic  are: 

cos  6'  cos  ^  +  cos  yS  sin  6'  (143a) 

F,l,>r{^,6')  =  -sin/3sin^  (143b) 

Ffi'pii-,  O')  =  cos  y3  cos  6'  cos  ^  —  sin  /3  sin  6'  (143c) 

=  -cosy0sin^  (143d) 

F^'^UjO')  =  cos  sin  ^  (143e) 

FMW)  =  cos^  (143f) 


This  concludes  the  derivation  of  the  diffracted  field  contribution  of  the  ITD.  In  order 
to  make  this  expression  easy  to  apply,  we  wish  to  asymptotically  reduce  it  to  obtain 
a  closed  form  expression. 

5  The  Asymptotic  Expansion  of  the  Diffracted 
Field  Contribution  of  the  Incremental  Theory 
of  Diffraction 

Although  the  ITD  diffracted  field  expression  in  (140)  is  valid,  it  is  useful  for  only  a 
small  set  of  problems  in  this  form.  To  apply  this  to  a  wider  class  of  problems,  we  wish 
to  obtain  a  closed  form  expression  that  will  leave  only  the  integration  along  the  edge. 
This  is  accomplished  here  by  asymptotically  reducing  (140)  for  high  frequencies.  This 
section  is  a  derivation  of  this  closed  form  result. 

We  begin  by  asymptotically  reducing  the  integral  in  the  (  plane.  It  is  a  simple 
task  to  show  that  (140)  has  saddle  points  located  at  =  x  for  the  contour  Ti  and 
=  —X  for  the  contour  12.  The  dyadic  Foo{i,0')  in  (142)  can  be  simplified  if  it  is 
assumed  that  (143)  is  smooth  and  slowly  varying  near  the  saddle  points,  this  means 


1  =  sin(0'-y0) 

(144a) 

1  =  0 

(144b) 

)  =  —  cos{6'  —  y0) 

(144c) 

1  =  0 

(144d) 

=  -1* 

Therefore,  (140)  is  given  approximately  by 

k  r  = 


(144e) 

(144f) 


dE\l)  ~  dl  E\Q') .  —  j  K^{e')  sin  cos0co.0’^g,  ^^45^ 


where 


K^{e')  =  -^'f  sin(^'  -  0)  w,{e')  +  ^'^cos{e'  -  p)  w,{e')  +  -0 Wnie')  (ue) 


and 


jkr  sin  /3  sin  6*  cos  ( 


<«£• 


(147) 


Next,  if  we  substitute  (112)  into  (147)  and  let  k  =  kr  sin  fismd'  and  Rg^h  =  Tl»  (147) 
becomes 

'c+^- 

coi  ^ 

Ti 

'«  +  «■  1  j.c«e 


+ 


+ 


47rj7 

4xj 

ie, 


(148) 


These  integrals  have  been  evaluated  by  Pathak  and  Kouyoumjian  [31]  assuming  /c  ^  1 
by  using  the  Pauli-Clemmow  modified  method  of  steepest  descent  which  results  in 


where 


g— jff/  4  fi”  ^ 

(Hr)  ^ 


(149) 


+ 

=F' 

+ 


(150) 
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and  L  =  rsin/3sin0'.  The  functions  F[a!]  and  0^(7)  are  defined  in  (6)  and  (7), 
respectively.  Thus,  substituting  (146)  and  (149)  into  (145)  and  simplifying,  we  obtain 
the  integral 

dE\l)  ~  dl  E\Q')  •  I  (151) 


where 


Po.{B')  =  -i0'f 


e-jV4 

j  ksiJxB' 

2x  \ 

2irr  sin  /3  * 

e-W4 

/  ksinO' 

2'7r  \ 

1  27rrsin/? 

j  ksin  S' 

27r  ^ 

V  27rr  sin  /3 

-  ^)D,{Q') 

MQ’) 


(152) 


and  Da^{Q')  is  given  in  (150). 

Finally,  the  integral  in  the  9'  plane  must  be  asymptotically  reduced.  First,  the 
contour  of  integration  Ce>  is  deformed  to  its  steepest  descent  path  Set  as  shown  in 
Figure  12.  Also,  it  is  a  simple  task  to  show  that  the  integral  in  (151)  has  one  saddle 
point  located  at  0'  =  p.  The  classical  method  of  steepest  descent  can  be  used  if  we 
assume  that  Poo(^0  *'•  smooth  and  slowly  varying  function  near  the  saddle  point 
6'g.  Therefore,  we  obtain  a  closed  form  asymptotic  expression  using  the  method  of 
steepest  descent  [32]  and  assuming  fcr  >  1, 


E\P)  =  J  dE'^il) 

Cc 

where  Ce  is  the  contour  along  the  actual  edge  and 

dE^(l)  ~  E‘m  ■  {?'^D.(Q')  +  ^'i;Di,{Q’)}  ^  dl 


(153) 


(154) 


is  the  diffracted  field  contribution  of  the  ITD.  In  doing  so,  the  distance  parameter 
becomes  L  =  t  sin^  /3.  This  is  the  same  result  obtained  by  Tiberio  and  Mad  [15,  16, 
17].  For  the  remainder  of  this  work,  the  geometries  of  interest  will  be  restricted  to 
curved  edges  of  fiat  plates.  In  this  case,  we  can  set  n  =  2  and  simplify  (150)  to 


DsAQ') 


1  fF[feXa(^-)]  F[feLa(t+)]l 

2\  cos(^)  cos(^)  J 


(155) 
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where 


O 


(156) 


o($^)  =  2cos^ 


This  result  is  now  in  a  very  simple  form  consisting  of  only  the  integral  along  the  edge 
of  the  wedge. 
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SECTION  5 

The  Radiation  by  a  Source  on  a 
Flat  Plate  with  a  Curved  Edge 


A  wide  class  of  problems  studied  in  electromagnetics  is  the  radiation  of  a  source  on 
a  flat  plate.  Caustics  of  the  UTD  diffracted  field  will  occur  if  the  edge  of  the  plate  is 
curved.  The  UTD  fields  must  be  corrected  to  account  for  the  caustics  to  accurately 
determine  the  field  radiated  by  the  source  in  those  regions.  A  caustic  corrected  UTD 
solution  that  can  be  used  to  determine  the  field  diffracted  by  the  curved  edge  of  a 
flat  plate  with  a  source  located  on  it  is  derived  in  this  chapter. 

1  Problem  Formulation 

Two  main  topics  must  be  addressed  when  formulating  a  caustic  corrected  UTD  solu- 
tion  for  determining  the  field  near  the  caustics  of  waves  diffracted  by  curved  edges. 
First,  the  canonical  geometry  must  be  chosen  to  be  the  simplest  structure  containing 
the  phenomena  of  interest.  The  method  of  solution  must  also  be  determined.  This 
section  is  a  discussion  of  the  canonical  geometry  and  the  method  used  to  obtain  a 
solution  for  the  radiation  by  a  source  on  a  flat  plate  with  a  curved  edge. 

The  phenomena  of  interest  here  is  the  coalescence  of  three  difEraction  points. 
Therefore,  the  canonical  geometry  to  be  used  should  contain  no  more  than  three 
diffraction  points.  Although  a  disk  is  often  used  as  a  canonical  geometry,  it  has 
either  two  or  four  diffraction  points  depending  on  which  region  the  observation  point 
is  in.  However,  this  geometry  would  uimecessarily  complicate  the  solution  because 
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there  is  one  more  diffraction  point  than  is  needed  for  studying  this  phenomena.  This 
occurs  because  the  disk  is  finite  in  extent.  The  simplest  geometry  that  contains  the 
phenomena  of  interest  is  the  curved  edge  of  a  semi-infinite  flat  plate.  Once  the  CC- 
UTD  has  been  developed  for  this  geometry,  the  solution  can  be  applied  to  the  disk 
due  to  the  high  frequency  localization  property  of  electromagnetic  fields. 

It  is  also  important  to  consider  the  mathematics  involved  with  the  geometry  in 
order  to  obtain  a  tractable  solution.  The  scope  of  the  solution  is  narrowed  for  the 
purposes  of  this  work.  The  procedure  used  to  obtain  a  solution  here  can  be  used 
to  obtain  a  more  general  solution.  However,  to  study  the  phenomena  of  interest,  it 
is  assumed  that  the  edge  of  the  plate  is  symmetric,  the  source  lies  along  the  axis 
of  symmetry  and  the  far-zone  observation  point  is  also  in  the  plane  of  symmetry 
of  the  edge  of  the  plate.  This  geometry  is  chosen  so  that  the  diffraction  points  are 
symmetrically  located  and  equally  spaced.  A  procedure  similar  to  the  one  developed 
here  can  be  used  to  obtain  a  solution  if  the  diffraction  points  are  not  equally  spaced. 

The  ITD  developed  by  Tiberio  and  Mad  [15,  16,  17]  will  be  used  in  this  work 
to  obtain  a  caustic  corrected  UTD  solution.  The  ITD  contains  three  different  com¬ 
ponents  as  discussed  in  Section  1  of  Chapter  4.  The  first  term  is  a  Physical  Optics 
surface  integral.  This  integral  can  be  formulated  by  using  the  spectral  domain  form  of 
the  scalar  free  space  Green’s  function,  interchanging  the  spectral  and  spatial  integrals 
and  performing  the  spatial  integrals.  This  results  in  a  double  spectral  integral  form 
of  the  PO  integral.  Upon  doing  so,  it  can  be  seen  that  the  PO  integral  contains  three 
double  integral  stationary  phase  points  and  a  branch  point  of  order  —  |.  Although 
it  should  be  theoretically  possible  to  obtain  a  uniform  asymptotic  expansion  for  this 
type  of  integral,  it  is  not  possible  using  existing  theories.  Also,  since  the  phase  func¬ 
tion  would  have  to  be  mapped  to  a  fourth  order  polynomial  that  is  a  function  of  two 
variables,  the  canonical  integral  would  have  an  extremely  complicated  form.  In  fact, 
this  integral  would  be  no  simpler  to  compute  than  the  original  PO  integral.  This 
defeats  the  purpose  of  the  asymptotic  expansion.  Therefore,  we  wish  to  make  some 
approximations  in  order  to  obtain  simpler  integrals. 
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As  discussed  in  Section  1  of  Chapter  4,  the  PO  surface  integral  minus  its  edge 
contribution  is  approximately  the  Geometrical  Optics  field.  This  approximation  is 
valid  as  long  as  the  reflection  point  is  not  near  the  edge  when  the  diffraction  points 
coalesce.  This  is  the  same  as  saying  that  the  caustic  boundaries  can  not  be  close  to  the 
incident  or  reflection  shadow  boundaries.  This  will  be  assumed  here.  Therefore,  the 
only  remaining  contribution  of  the  ITD  is  the  diffracted  field  component.  The  total 
ITD  field  will  be  approximated  by  the  GO  field  and  the  diffracted  field  contribution 
of  the  ITD  integrated  along  the  edge  of  the  plate.  The  diffracted  field  contribution 
of  the  ITD  is  derived  in  Chapter  4. 

Only  one  single  integral  appears  in  this  solution.  The  resulting  formulation  is  sim¬ 
ple  enough  in  form  to  allow  for  the  uniform  asymptotic  expansion  of  the  diffracted 
field  integral  equation.  The  canonical  integrals  used  in  this  expansion  are  standard 
and  well  tabulated  functions.  This  is  an  attractive  feature  of  any  asymptotic  expan¬ 
sion. 


2  Diffraction  Integral  Formulation 

An  integral  equation  must  be  formulated  that  can  be  asymptotically  expanded  to 
obtain  a  caustic  corrected  UTD  solution.  The  ITD  will  be  used  in  this  work  to  obtain 
this  diffraction  integral.  This  section  is  a  derivation  of  the  diffracted  field  integral 
equation  used  to  obtain  a  caustic  corrected  UTD  solution. 

Some  assumptions  must  be  made  to  obtain  a  usable  diffracted  field  integral  equa¬ 
tion.  First,  as  discussed  in  Section  1,  the  incident  and  reflection  shadow  boundaries 
can  not  be  close  to  the  caustic  boundaries  caused  by  the  curvature  of  the  edge  since 
only  the  dil&acted  field  contribution  of  the  ITD  is  to  be  asymptotically  expanded 
here.  Next,  recalling  that  the  ITD  diffracted  field  in  Chapter  4  was  obtained  by 
asymptotically  expanding  a  double  spectral  integral  assuming  that  fcrsin^^  1, 
this  must  also  be  enforced  here.  Finally,  it  will  be  assumed  that  the  curvature  of  the 
edge  is  symmetric  and  the  source  location  and  the  observation  direction  lie  in  this 
plane  of  symmetry  as  discussed  in  Section  1.  This  geometry  is  shown  in  Figure  13. 
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In  order  to  use  the  ITD  formulation,  it  is  important  to  note  that  the  ITD  result 
is  reciprocal.  Since  the  ITD  was  formulated  for  plane  wave  incidence  and  a  near-zone 
observation  point,  this  can  be  assumed  here  and  then  reciprocity  used  to  obtain  the 
radiated  field.  The  ITD  diffracted  field  as  derived  in  Chapter  4  is 


Cc 


E\P)  =  j  dE\l)  (157) 

where  Ce  is  the  edge  contour  and 

dE\l)  ~  E'{Q')  •  ^  ^  dl  (158) 

is  the  electric  field  diffracted  by  an  infinitesimal  length  of  the  edge  of  the  wedge.  The 
half-plane  diffraction  coefficients  given  by 


s,-jkr 


n  1  f  r  l*ia(«-)l  F  lMa(«+))  \ 

^  I  (  2  J  I  2  j  J 


(159) 


are  to  be  used  since  only  flat  plates  are  being  considered.  Also,  the  angle  parameter 


is  given  by 

a(®^)  =  2cosM^J  (160) 

where  =  ^j;  ^  -0',  the  distance  parameter  is  L  =  rsin^^  and  F[x]  is  the  UTD 
Fresnel  transition  function  defined  in  (6). 

We  begin  by  noting  that  =  Q  for  all  the  diffraction  points  on  the  edge  since  the 
observation  point  is  located  on  the  plate.  Therefore,  ^0  is  a  constant  and  Da{Q^)  =  0 
for  all  the  diffraction  points  on  the  edge.  Using  these  facts,  (157)  reduces  to 

E<i(p)  j  [E‘(0)  •  -0 ']  dl  (161) 

Ce 


where  £*(0)  =  -f  jS' Also,  from  (4b)  of  Chapter  2  we  know 


e  X  s' 
sinjS' 


which  makes  (161) 


E’^{P) 


(162) 


(163) 
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+ 


(164) 

(165) 


Using  a  vector  identity  and  noting  that  s'  is  orthogonal  to  and 

=  e- [s' X  ^']  =  = -e-« 

^'•[exa']  =  e- [s' X  ^']  = -e  ••0' . 


The  contribution  corresponding  to  (165)  integrates  to  zero  since  it  is  an  odd  function 
of  arc  length.  It  is  now  advantageous  to  change  the  variable  of  integration  to  be  along 
the  X  direction  which  converts  (163)  to, 


e'‘{P)  =  fEi„^  J  f-dx,  (166) 

^  ZTT  J  rsinp'  dx^ 


where  the  Jacobian  of  the  transformation  is 


dl  _  -1 

dxe  e  •  X 

(167) 

from  (761)  of  Appendix  D.  Finally, 

E^{P)  =  ‘j  T{x.) 

—  oo 

(168) 

where 

h{xe)  =  —s'  •  fc  —  r 

(169) 

and 

T  sin  p' 

(170) 

This  completes  the  derivation  of  the  diffracted  field  integral  equation.  This  integral 
must  now  be  asymptotically  expanded  to  obtain  closed  form  results  for  both  the  lit 
and  the  shadow  sides  of  the  caustic. 


3  The  Uniform  Asymptotic  Expansion  of  the  Diffracted 
Field  Integral  Equation  in  the  Caustic  Lit  Re¬ 
gion 


Although  the  diffracted  held  integral  equation  derived  in  Section  2  can  be  numerically 
integrated  to  predict  the  field  diffracted  by  a  curved  edge,  it  is  advantageous  to  obtain 
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Figure  14:  Reciprocal  ray  geometry  for  the  diifraction  by  a  curved  edge  in  the  caustic 
Bt  region. 

closed  form  expressions.  One  way  to  accompBsh  this  is  to  asymptotically  expand  the 
integral  at  high  frequencies.  This  section  is  devoted  to  the  asymptotic  expansion  of 
the  diffracted  field  integral  equation  for  the  Bt  side  of  the  caustic. 

In  the  caustic  Bt  region,  there  are  assumed  to  be  three  symmetrically  located 
diffraction  points  as  shown  in  Figure  14.  This  ray  structure  occurs  because  of  the 
assumed  symmetry  of  the  edge,  source  location  and  radiation  direction.  A  uniform 
asymptotic  expansion  must  be  used  when  these  diffraction  points  are  nearly  coinci¬ 
dent.  The  uniform  asymptotic  expansion  derived  in  Section  2  of  Appendix  B  can  be 
utilized  with  these  assumptions  in  mind. 

First,  m  =  0  in  (614)  of  Appendix  B  because  the  integrand  of  the  integral  in  (168) 
does  not  contain  a  zero  at  the  central  stationary  phase  point.  Also,  as  explained 
in  Section  1  of  Appendix  B,  if  the  integral  has  three  real  stationary  phase  points 
then  fi  =  —77  where  fi  =  sgn{h*^(a5c)}  V  ~  sgn{h^*(®c)}*  Finally,  it  is  assumed 


61 


that  1  and  ^(®e)  is  a  smooth  and  slowly  varying  function  of  about  the 

central  stationary  phase  point.  From  (657)  of  Appendix  B  the  diifracted  field  integral 
equation  in  (168)  can  be  approximated  as 


oo 

B‘{p)  = 

giW4gifcA(xe)y^(^^0) 


^  2x 


27r 


kh^^{xc) 


I  -T  o  pi  •^(®nc) 


27r 


*A“(a;nc) 


e-^’”^/V'*'*(^-)r„c(^,^7,0)  (171) 


where  the  argument  of  the  transition  functions  is 


(  = 


^2k[h{Xnc)  -  M®c)] 


o-i3Tjir/4 


(172) 


from  (626)  of  Appendix  B.  It  is  easily  shown  using  (753a)  and  (764a)  of  Appendix  D 
that  the  value  of  the  phase  function  is 


^(®c)  —  Sc  (1^3) 

at  the  central  stationary  phase  point  and  using  (756a)  and  (765a)  of  Appendix  D  that 
the  value  of  the  phase  function  is 


h(®nc)  —  S  •  7*e(Qnc)  S|jc 


(174) 


at  the  non-central  stationary  phase  points.  The  argument  of  the  transition  functions 
becomes 


ij2k[-s'  •  fe{Q nc)  -  S„c  +  ^c^ 


D-i3ij7r/4 


(175) 


using  these  in  (172).  Also,  from  (753c)  and  (764c)  of  Appendix  D  the  second  derivative 
of  the  phase  function  is 


h”(Xc)  = 


1  1 
Sc  /^(Qc)J 


(176) 


at  the  central  stationary  phase  point  and  from  (756c)  and  (765c)  of  Appendix  D  the 
second  derivative  of  the  phase  function  is 


h“(®„c)  =  -sw?  fine 


1  1  1  /  -1 y 

Sjic^  P'^iQnc),  Ve-®J 


(177) 
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at  the  non-central  stationary  phase  points.  Next,  the  value  of  rf  is 

/(Qc) 


7)  =  sgn{h"(a;c)}  =  -sgn 


1: 


i}' 


(178) 


[p'^iQc)  ^c] 

The  last  items  required  for  the  uniform  asymptotic  expansion  are  the  amplitude 
functions  evaluated  at  the  central 


and  non-central 


Sc 

(179) 

T(  \  I^hiQnc) 

^(®nc)  —  '  a 

SncSmjSnc 

(180) 

stationary  phase  points.  Finally,  substituting  (173),  (174)  and  (176)  through  (180) 
into  (171)  and  simplifying,  we  obtain 


iV)  ~  *■•(««) 


-jksc 


+  £‘(o- )  •  D  (e- ) 


(181) 


\  ‘«c  WQ™)  + 

as  the  asymptotic  form  of  the  diffracted  field  on  the  lit  side  of  the  caustic.  The  caustic 
distances  and  p\Q~^  are  equal  because  of  the  symmetry  of  the  geometry. 

Therefore,  p^Qnc)  =  P^{Qt^  =  P'^iQ^)  ^sed  for  the  remainder  of  this  chapter. 

The  dyadic  diffraction  coefficients  for  the  central  and  non-central  diffraction  points 
are 

(182) 

and 

=  (183) 


respectively.  The  diffraction  coefficient  Dh{Qe)  is  identical  to  the  UTD  half-plane 
diffraction  coefficient.  Also,  the  caustic  correction  transition  functions  Tc(^,0)  and 
T„c(^,7/,0)  are  those  defined  in  (655)  and  (656)  of  Appendix  B,  respectively. 

Two  important  facts  can  be  observed  about  the  result  in  (181).  It  was  observed 
that  the  uniform  asymptotic  expansion  consists  of  the  non-uniform  expansions  for  the 
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Figure  15:  Caustic  lit  region  diffracted  ray  geometry  for  the  radiation  by  a  source  on 
a  flat  plate  with  a  curved  edge. 

central  and  non-central  stationary  phase  points  multiplied  by  the  transition  functions 
Tc(^, 0)  and  respectively.  This  is  also  true  for  the  diffracted  field  as 

expected.  Also,  since  the  non-uniform  contributions  and  the  transition  functions 
form  a  reciprocal  result  we  can  use  this  fact  for  the  case  where  the  source  is  located 
on  the  plate. 

We  are  now  in  a  position  to  use  reciprocity  to  obtain  the  field  radiated  by  a  source 
on  the  flat  plate.  The  radiated  field  ray  structure  shown  in  Figure  15.  To  obtain  the 
reciprocal  set  of  diffracted  field  expressions,  we  begin  by  noting  that  the  factor  , 
where  Rc  is  the  distance  from  the  central  diffraction  to  the  far-zone  point,  h£is  been 
suppressed  in  the  plane  wave  incidence  case.  This  factor  must  be  reintroduced  in 
order  to  obtain  the  standard  ray  optical  form.  Also,  3  and  ^  must  be  interchanged 
with  5'  and  respectively.  Next,  the  amplitude  spreading  factor  must  be  rewritten 
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as 


\i  -rm  =  — 

where  the  caustic  distance  is  now  determined  using  (10)  of  Chapter  2.  The  field 
radiated  by  a  source  on  a  flat  plate  can  be  rewritten  as 

_ T  t  . . 

^'(0)  —  I  •  B  {Qc)^jAQc) 

+  (i*(0)  ^4—}  •^^(^nc)\/p"(^nc) 

I  ^nc  } 


X 


^-jk[Rc-7^Tc(Qnc)] 

Rc 


+ 


{-».  e  ^  - T.  j - 


X 


g  -ifc[Kc  -7-re  iQ  nc)] 


(185) 


where  the  fax-zone  approximation 


Rnc  ~  \ 


Rc  ^  ■  ^e(Qnc) 
Rc 


;  for  phase  terms 
;  for  amplitude  terms 


(186) 


can  be  used  to  rewrite  the  diffracted  field  expression  in  the  standard  form.  Also,  Rnc  is 
the  distance  from  the  non-central  diffraction  points  to  the  fax-zone  point.  Therefore, 
the  field  radiated  by  a  source  on  a  flat  plate  is 


— T  / - e  ^  ' 

ir’iP)  ~  £■(«.)•  D  (a)vy{<?.)-^ 

^  - r.  / -  ^-jkRne 

+  E‘{Qt,)  ■  D 

r,  - -  ^—jkRnc 

+  i‘(0- )  •  D  ((?-),//(««)  (187) 


which  is  again  consistent  with  the  UTD  diffracted  field  expressions.  The  dyadic 
diffraction  coefficients  used  here  axe  those  given  in  (182)  and  (183)  except  the  recip¬ 
rocal  forms  of  ^  and  Dh[Qe)  must  be  used.  Substituting  (184)  into  (178)  we  find 
that 

7/  =  -  sgn  {p‘'((?c)}  (188) 
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where  p^{Qc)  is  found  using  (10)  of  Chapter  2  and 


i  = 


\j2k[s  ‘Te{Qnc)  “  «J,c  +  «c] 


(189) 


for  use  in  the  caustic  correction  transition  functions.  Next,  using  reciprocity  and 
recalling  that  the  source  is  located  on  the  face  of  the  plate,  9^  =  Substituting 
this  into  the  hard  polarized  half-plane  diffraction  coefficient  we  obtain, 

where 

L  =  s' sin^  13,  (191) 

a(V')  =  2cos^  (192) 

and  a  factor  of  |  has  been  included  because  the  incident  and  reflection  shadow  bound¬ 
aries  overlap. 


4  The  Uniform  Asymptotic  Expansion  of  the  Diffracted 
Field  Integral  Equation  in  the  Caustic  Shadow 
Region 

The  fleld  in  the  caustic  shadow  region  must  also  be  determined  in  order  to  obtain  a 
uniform  asymptotic  expression  for  the  diffraction  by  a  curved  edge.  This  asymptotic 
expansion  must  be  performed  in  a  way  that  is  consistent  with  the  expansion  on  the 
lit  side  in  order  to  obtain  a  uniform  result.  This  section  is  devoted  to  the  asymptotic 
expansion  of  the  diffracted  field  integral  equation  for  the  shadow  side  of  the  caustic. 

It  is  assumed  that  only  one  diffraction  point  exists  in  the  caustic  shadow  region  as 
shown  in  Figure  16.  This  occurs  because  the  two  non-central  diffraction  points  have 
coalesced  and  disappeared.  The  uniform  asymptotic  expansion  derived  in  Section  3 
of  Appendix  B  can  be  utilized  with  these  assumptions  in  mind. 

First,  m  =  0  in  (614)  of  Appendix  B  because  the  integrand  of  the  integral  in  (168) 
does  not  contain  a  zero  at  the  central  stationary  phase  point.  As  explained  in  Sec¬ 
tion  1  of  Appendix  B,  if  the  integral  has  one  real  stationary  phase  point  ^lnd  two 
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complex  conjugate  stationajry  phase  points,  then  ft  =  ri  where  fi  —  sgn  {/i^''(sc)}  and 
77  =  sgn{h“(®c)}.  Finally,  it  is  assumed  that  &  1  and  ^(®e)  is  a  smooth  and 

slowly  var3dng  function  of  Xg  about  the  central  stationary  phase  point.  Prom  (673) 
of  Appendix  B  the  diffracted  field  integral  equation  in  (168)  can  be  approximated  as 


E\P)  = 


+ 


27r  |Y  kh^^{xc) 

1 


g,W4giA:/.(xe)y^^^^Q^ 


gi3riw/4^kh{xc) 


27r  2|ifeh“(®,)|3/2 


(193) 


where  the  function  C(xc)  is  defined  as 

'  3|tf(x.)|  k"(,x,) 

IfP  i»(xj 

and  the  argument  of  the  caustic  correction  transition  functions  is 


(194) 


-if77r/4 


(196) 


from  (626)  of  Appendix  B.  It  is  easily  shown  using  (753a)  and  (764a)  of  Appendix  D 
that  the  value  of  the  phase  function  is 


M®c)  =  -Sc  (196) 

at  the  central  stationary  phase  point  and  using  (756a)  and  (765a)  of  Appendix  D  that 
the  value  of  the  phase  function  is 


^(®nc)  —  S  ‘  7*e(Qnc)  ^nc 


(197) 


at  the  non-central  stationary  phase  points.  The  argument  of  the  transition  functions 
becomes 


y/2k[-s'  •  fe{Qnc)  -  Snc  +  «c] 


g-7W4 


(198) 


using  these  in  (195).  Also,  from  (753c)  and  (764c)  of  Appendix  D  the  second  derivative 
of  the  phase  function  is 


h^\Xc) 


£  1 
Sc  P^iQc) 


(199) 
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(200) 


at  the  central  stationary  phase  point  which  makes 

,  =  6gn =  - sgn  +  • 

The  next  item  required  for  the  uniform  asymptotic  expansion  is 

(201) 

which  is  the  amplitude  function  of  the  integral  evaluated  at  the  central  diffraction 
point.  It  is  now  advantageous  to  write  C{xc)  in  terms  of  the  derivatives  of  the  phase 
function  with  respect  to  arc  length.  Therefore,  recalling  (764c)  and  (766)  from  Ap¬ 
pendix  D  we  find  that 

C(x.)=C{y-4xJ(Q.)  (202) 


where 


C{lc) 


3|ibh«(/c)| 


(203) 


and  h“(Zc)  and  are  given  in  (753c)  and  (753e)  of  Appendix  D,  respectively. 

The  final  quantity  required  for  the  use  of  the  uniform  asymptotic  expansion  is  the 
second  derivative  of  the  amplitude  function  of  the  integral  with  respect  to  Ze*  Differ¬ 
entiating  (170)  twice  with  respect  to  Se  and  evaluating  the  second  derivative  at  the 
central  diffraction  point,  we  obtain 


:f“(».)  = 


1  d?Dh{Q') 


dxl 


Dh{Qc)  j  £r 
dxl 


+  8c 


dP  sin  P' 


dxl 


?c} 


(204) 


where  (767a),  (767b),  (779a),  (779b),  (810b)  and  (811)  have  been  used  to  simplify  the 
result.  Finally,  substituting  (196)  and  (199)  through  (204)  into  (193)  and  simplifying, 
we  obtain 


E\P)  ~  E\Qc)-D  {Qc) 


\  5c  \j^{.Qc)  +  5c] 


=s. 


+  £‘(QJ  •!>(«.) 


-jksc. 


(205) 


^|  5e  \f^{Qc)  +  5c] 

as  the  asymptotic  form  of  the  diffracted  field  on  the  shadow  side  of  the  caustic.  The 
dyadic  diffraction  coefficients  at  the  central  diffraction  point  are 

^  (Qc)  =  -^'i  MQc)  T.((,  0)  (206) 
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and 

=  (207) 

where  the  caustic  shadow  region  caustic  correction  transition  functions  r,(^,0)  and 
Tt{(,2)  are  defined  in  (674)  of  Appendix  B.  Also,  Dh{Qc)  in  (206)  is  the  UTD 
half-plane  diffraction  coefficient  for  the  hard  polarization.  The  diffraction  coefficient 
'J^hiQc)  in  (207)  is  given  by 


Vh{Qc) 


2jk{ 


—  p-j‘r/4 


^  ^c^“(xc)  + 

where  C{xc)  and  ^^"(zc)  are  defined  in  (202)  and  (204),  respectively.  This  expression 
can  now  be  written  in  terms  of  the  derivatives  with  respect  to  arc  length  as 


P^^iQc) 


(208) 


VhiQc)  = 


2jk  ^ 


-x“(C?JA(Qc) 


1 


p'^jQc) 
P'^iQc)  +  J>c 


(209) 


where 


= 


1  d:^DhiQ') 


dP 


MQc)  f 

>.■  '2  i 


Ip 


+  Sc 


dP  sin  /3' 

dP 


1.) 


(210) 


and  C{lc)  is  given  in  (203).  Next,  by  substituting  (767c),  (779c)  and  (812)  into  (210) 
we  obtain 

-e-j‘^14 


ScT^Vc)  = 


dPDhiQc) 


dP 

-  MQc) 


III' 


Sc  COS^c 


P,m  j 


(211) 


where  Dh{Qc)  is  the  hard  polarized  UTD  half-plane  dif&action  coefficient  and 
is  given  in  (812)  of  Appendix  D.  Therefore,  substituting  (211)  into  (209)  we  obtain 

Sc  COsV’cl 


which  is  the  new  curvature  dependant  diffraction  coefficient. 


(212) 
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We  are  now  in  a  position  to  use  reciprocity  to  obtain  the  field  radiated  by  a  source 


on  the  flat  plate.  The  radiated  field  ray  structure  shown  in  Figure  17.  To  obtain  the 
reciprocal  set  of  difiracted  field  expressions,  we  begin  by  noting  that  the  factor  ‘  , 

where  Rc  is  the  distance  from  the  central  diffraction  to  the  fax-zone  point,  has  been 
suppressed  in  the  plane  wave  incidence  case.  This  factor  must  be  reintroduced  in 
order  to  obtain  the  standard  ray  optical  form.  Also,  s  must  be  interchanged  with  s'. 
Using  (184),  we  can  rewrite  (205)  as 

.  f  —  \  =s  / -  g-jkRc 

F-m  ~  |£'(0)  — l.C 

1  —S  / -  p~jkRe 

— I  ■  ®  (<3.)  s/?m  (213) 

where  the  caustic  distance  p'^(Qc)  is  given  by  (10)  in  Chapter  2.  Recognizing  that  the 
incident  field  is  now  a  spherical  wave 

E^(P)  ~  M‘(Q.)-D 

+  (214) 

which  is  again  consistent  with  the  UTD  diffracted  field  expressions.  The  dyadic 
diffraction  coefficients  used  here  axe  those  given  in  (206)  and  (207)  except  the  recip¬ 
rocal  forms  of  I,  Dh{Qc)  and  T^hiQc)  must  be  used.  Substituting  (184)  into  (200)  we 
find  that 

17  =  -  sgn  {p\Qc)}  (215) 

where  p'^{Qc)  is  found  using  (10)  of  Chapter  2  and 


^nc  ^c] 


„-i»77r/4 


(216) 


for  use  in  the  caustic  correction  transition  functions.  Next,  using  reciprocity  and 
recalling  that  the  source  is  located  on  the  face  of  the  plate,  Substituting 

this  into  the  hard  polarized  half-plane  diffraction  coefi&cient  we  obtain. 
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where 


=  2cos^  (218) 

and  a  factor  of  |  has  been  included  because  the  incident  and  reflection  shadow  bound¬ 
aries  overlap.  Finally,  it  is  necessary  to  determine  the  reciprocal  form  of  Vh{Qc)  given 
in  (212).  By  interchanpng  life  with  V’cj  with  s'  and  recalling  that  the  source  is  lo¬ 
cated  on  the  face  of  the  plate  we  obtain 


^h{Qc) 


p<^{Qe)  r 
2jk  \  dP 


+  Ka(Qc)sin^V’c  - 


(219) 


where  /((5c)  is  found  using  (10)  of  Chapter  2  and  Dh{Qc)  is  given  in  (217).  Also, 
C{lc)  is  given  in  (203)  where  the  reciprocal  forms  of  h“(fc)  and  h‘''(Zc)  are 

-1 


h^lc)  = 


/(Qc) 


(220) 


from  (753c)  of  Appendix  D  and 

K^(0  ) 

=  K“(ec)-'!?(i3.)]  (i+cosv-.)+-^ 

1 


l2 


1  - 


«)=  r  p,mi 

from  (753e);  respectively,  where  again  p‘^(Qc)  is  found  using  (10)  of  Chapter  2.  Finally, 
substituting  (818)  into  (814)  of  Appendix  D  we  find  that 


where 


Di“’m = 


_p-i’r/4 


2‘\/2irk 


sec 


(y)  ^.[*4/V’c)] 


(222) 


(223) 


and  a(V'c)  is  given  in  (218).  Also,  a  factor  of  |  has  been  included  in  (223)  because 
the  incident  and  reflection  shadow  boundaries  overlap.  Substituting  (217),  (222) 
and  (223)  into  (812)  of  Appendix  D  we  obtain 


dl^DhiQc) 


dP 


I 


COsV’c(l  -  COsV’c)!  „(//) 

r* 


^Pg{Qc) 


\Qc) 
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(224) 


f  1 

1 

5' 

\2«)^ 

L  P9iQc)\ 

[  p.iQc)\ 

) 

X  [i>),(ec)  -  Cf '(Qc)] 


which  is  the  last  item  required  for  the  curvature  dependant  diffraction  coefficient 
in  (219).  These  equations  can  now  be  used  to  calculate  the  diffiacted  field  on  the 
shadow  side  of  the  caustic. 
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SECTION  6 


Numerical  Calculation  of  the  Field 
Radiated  by  a  Short  Monopole  on 
a  Flat  Plate  with  a  Curved  Edge 


It  is  important  to  numerically  confirm  that  the  caustic  corrected  UTD  (CC-UTD) 
solution  derived  in  Chapter  5  is  accurate.  To  do  so,  two  geometries  axe  considered 
in  this  chapter.  First,  the  radiation  by  a  monopole  mounted  on  a  flat  plate  with  a 
curved  edge  defined  by  a  parabolic  equation  is  determined.  This  CC-UTD  solution 
is  then  compared  to  the  classical  UTD  solution.  The  other  geometry  considered  is 
the  radiation  by  a  monopole  on  an  elliptic  disk.  The  CC-UTD  solution  is  compared 
to  the  classical  UTD  solution  and  a  Moment  Method  (MM)  solution.  This  chapter  is 
devoted  to  the  numerical  confirmation  of  the  CC-UTD  solution  of  Chapter  5. 

1  Radiation  of  a  Short  Monopole  on  a  Flat  Plate 
with  an  Edge  Defined  by  a  Parabolic  Equation 

The  first  geometry  to  be  studied  is  the  radiation  by  a  monopole  on  a  flat  plate  with  an 
edge  defined  by  a  parabolic  equation.  To  conform  to  the  assumptions  of  the  derivation 
of  the  CC-UTD  in  Chapter  5  it  is  important  that  the  monopole  is  mounted  along  the 
symmetry  aids  of  the  parabolic  edge.  Also,  the  radiation  pattern  must  be  taken  in 
the  plane  of  symmetry  of  the  parabolic  edge.  This  geometry  is  shown  in  Figure  18. 
This  section  consists  of  two  parts.  First,  the  parameters  required  for  the  CC-UTD 
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and  the  UTD  solutions  axe  determined.  Next,  the  radiated  field  is  calculated  and 
compared. 

1.1  Parabolic  Edge  Radiated  Field  Parameters 

In  order  to  determine  the  geometric  parameters  required  for  the  use  of  the  CC-UTD 
and  the  UTD,  the  edge  of  the  plate  will  be  defined  as 

Xg  =  4aye  (225) 


where  a  is  the  focal  length  of  the  parabola.  First,  the  diffraction  points  can  be  deter¬ 
mined  by  enforcing  the  fact  that  cos  =  cos  fi'.  In  doing  so,  the  central  diffraction 
point  is  found  to  be  located  at 

2/c  =  0  (226) 


and  the  non-central  diffraction  points  are  found  to  be  located  at 

Vo  +  -  iVof  cot  V’c  ;  if  a'  >  a 

ync=\  _  (227) 

Vo  -  j^csIiVoY  -  {s'cY,  cot  V'c  ;  if  a'  <  o 

where  j/o  =  “  2o,  £c  =  sgn  {sin  V’c}  ai^d  the  monopole  location  a'  is  fixed.  Using  this 

result  it  is  easy  to  determine  the  caustic  lit  and  caustic  shadow  regions.  If  y„c  >  0 
the  fax-zone  point  is  in  the  caustic  lit  region  and  if  ync  <  0  the  fax-zone  point  is  in 
the  caustic  shadow  region.  Also,  the  distance  from  the  monopole  to  the  non-central 
diffraction  point  is 

/  _  Vnc  Vo 

cos  tpc 

The  next  quantities  needed  are  the  curvature  and  the  second  derivative  of  the  curva¬ 
ture  at  the  diffraction  points.  The  curvature  of  the  edge  is  defined  as  [33] 


\y':\ 


(229) 


where  using  (225)  it  is  easy  to  show  that 


(230) 
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for  a  point  on  the  parabolic  edge.  Next,  evaluating  (230)  at  the  central  and  non- 
central  diffraction  points  we  obtain 


=  Ya 


(231) 


and 


“AQnc)  -  I  ' 


(232) 


respectively.  Also,  differentiating  (230)  twice  with  respect  to  ®e  and  evaluating  it  at 
the  central  diffraction  point  we  obtain 

-3 


=  -3Kg(Qc)  = 


(2a)3 


(233) 


It  is  now  necessary  to  determine  the  diffraction  angles  i/)  and  /3  at  each  of  the  diffrac¬ 
tion  points.  The  value  of  ij)  at  the  central  diffraction  point  is  V'o  the  angle  used 
to  specify  the  pattern  and  =  Pc  =  The  angle  Pnc  =  P'nc  ^-t  the  non-central 
diffraction  points  is  found  using  cos  /3„c  =  Jc  •  e  which  results  in 


anPnc  = 


a  +  Vnc  sin^  V’c 


(234) 


O  +  J/nc 

The  angle  ij}  at  the  non-central  diffraction  points  is  found  to  be 

2a  cos 

COS 'tPfic  =  ! .  :  . 

sin/0„cy(2a)2  -l-  4ay„c 

Next,  it  is  important  to  determine  the  distance  to  the  second  caustic  of  the  central 
and  non-central  diffraction  points.  To  do  so,  we  recall  (10)  from  Chapter  2  to  find 


(235) 


= 


2as' 


2a  —  a'  (1  -|-  cos'^&c) 

as  the  caustic  distance  at  the  central  diffraction  point,  and 

A(r)  ^  (a  +  yncXe  sin^/^ne 
P  \,Qnc)  —  /  .  \  "  2  a 

{a  +  yncjsm-^Pnc-a 


(236) 


(237) 


as  the  second  caustic  distance  at  the  non-central  diffraction  points.  Also  noting  that 


we  axe  able  to  determine  the  argument  of  the  caustic  correction  transition  functions 
and  the  far-zone  approximation  for  the  non-central  diffraction  points.  Finally,  it  is 
necessary  to  determine  the  Geometrical  Optics  (GO)  field  and  the  incident  field  at 
each  of  the  diffraction  points.  It  is  commonly  known  that  the  field  radiated  by  a  short 
monopole  on  an  infinite  ground  plane  is  [35,  36] 

o-jkR 


E{P)  =  -6Eo  sin  9  -  U 


’tt 
2  “ 


(239) 


where 

E,  =  ^4^  =  -imiM  (2«) 

2‘kj 

and  R  is  the  distance  £rom  the  monopole  to  the  fax-zone  observation  point.  Also,  Zc 
is  the  impedance  of  free  space,  lo  is  the  current  on  the  monopole  and  d  is  the  length 
of  the  monopole.  Using  (239)  we  find  that 

E\Qc)  =  i;'Eo—r-  (241) 

is  the  field  incident  at  the  central  diffraction  point  and 

E\Qnc)  =  rP'Eo—r-  (242) 

«nc 

is  the  field  incident  at  the  non-central  diffraction  points.  Next,  using  the  far-zone 
approximation 


R 


Rc-  s'c  COsV'c 
Rc 


;  for  phase  terms 
;  for  amplitude  terms 


in  (239),  the  GO  field  is  given  by 

g—jfcjRc 

E^O{P)  =  -0,f;„cosV»c  -^U[ir  -  V-c]. 


(243) 


(244) 


Now  that  we  have  the  GO  field  and  the  necessary  diffracted  field  parameters,  the 
diffracted  field  can  be  calculated  using  the  expressions  derived  in  Chapter  5.  Us¬ 
ing  (4a)  of  Chapter  2  we  find 


zM  ®nc  sin  V>c)  +  (2o) 

sin  i3nc\/(2a)2  -1-  4ay„c 


(245) 
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Figure  19:  Polarization  unit  vector  directions  for  the  radiation  by  a  short  monopole 
on  a  flat  plate  with  a  parabolic  edge. 


at  the  non-central  dil&action  points.  These  polarization  vectors  are  shown  in  Fig¬ 
ure  19.  The  Pc  components  of  each  of  the  non-central  diffraction  points  will  cancel 
leaving  only  the  ipc  components  since  the  non-central  diffraction  points  are  symmet¬ 
rically  located.  Therefore,  the  diffracted  field  in  the  caustic  lit  region  (i.e.,  y„c  >  0) 
is 


E\P)  - 

+  V’c  2  {  J?, 


{ -  s.  ^ ,  0)  v'm) 

e-i^o'nc  1 

] 


•^jkRc 


sin/3„cy(2o)2  -f  4ay„c 


xDh{Qnc)Tnc{(,V.O)  \lp\Qnc) 


o-jkRc 

~Rr 


(246) 


where  (187)  has  been  used  in  conjunction  with  the  dif&acted  field  parameters  found 
previously  in  this  subsection.  Also,  the  diffraction  coefficient  is  given  by  (190) 
through  (192)  of  Chapter  5,  the  argument  of  the  caustic  correction  transition  func¬ 
tions  is 


yl2k[ync  cos  V-c  -8'^  +  K. 


^-j3tj7rf4 


(247) 
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from  (189)  and  rf  is  given  in  (188)  of  Chapter  5.  Next,  the  diffracted  field  in  the 
caustic  shadow  region  (i.e.,  y„c  <  0)  is 


E’^iP) 


-  f  1  / - 


(248) 


where  (214)  has  been  used  in  conjunction  with  the  diffracted  field  parameters  found 
previously  in  this  subsection.  Also,  the  diffraction  coefficient  Dh{Qc)  is  given  by  (217) 
and  (218)  of  Chapter  5  and  Vh{Qc)  is  given  by  (203),  (217)  through  (221),  (223) 
and  (224)  of  Chapter  5.  The  argument  of  the  caustic  correction  transition  functions 
is 


(249) 


C  =  \l 2fc[l/nc  cos  V’c  -  sJu:  +  s'] 

from  (216)  and  7/  is  given  in  (215)  of  Chapter  5.  These  formulas  now  form  a  complete 
CC-UTD  solution.  The  sum  of  the  GO  field  and  the  diffracted  field  corresponding  to 
either  the  caustic  lit  region  or  the  caustic  shadow  region  give  the  total  radiated  field. 


1.2  Numerical  Calculation  of  the  Field  Radiated  by  a  Short 
Monopole  on  a  Flat  Plate  with  a  Curved  Edge  Defined 
by  a  Parabolic  Equation 


The  numerical  calculation  of  the  radiated  field  expressions  derived  in  Subsection  1.1 
confirms  the  uniformity  of  the  CC-UTD.  This  also  leads  to  some  insight  into  the 
physical  phenomenology  involved  in  this  problem  and  the  CC-UTD  formulation.  The 
CC-UTD  formulation  is  compared  to  the  classical  UTD  solution  to  illustrate  their  dif¬ 
ferences.  This  subsection  is  devoted  to  the  numerical  calculation  of  the  field  radiated 
by  a  short  monopole  on  a  flat  plate  with  a  parabolic  edge. 

From  (227)  it  is  easily  seen  that  if  s'  <  a  the  non-central  diffraction  points  have 
a  complex  y  location.  This  means  that  there  is  no  caustic  lit  region  for  this  case 
and  the  classical  UTD  solution  is  valid.  Also,  if  s'  »  o  there  are  an  infinite  number 
of  diffraction  points  when  the  observation  is  taken  along  the  face  of  the  plate  since 
the  edge  is  defined  by  a  parabolic  equation.  This  type  of  ray  structiire  has  not  been 
considered  here.  Therefore,  only  the  case  where  s'  >  o  will  be  considered  in  this 
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subsection.  The  quantity  to  be  plotted  throughout  this  subsection  is 

E(dB)  =  20logio|^c-^(P)|  (250) 

where  E{P)  is  the  radiated  field  component.  The  factor  Eo  ‘  is  common  to  all 
of  the  ray  optical  expressions  and  will  be  suppressed  in  all  the  calculations  in  this 
subsection. 

For  the  sake  of  discussion,  the  central  ray  diffracted  field  is  the  first  term  in  (246) 
when  P  is  in  the  caustic  lit  region  or  the  first  term  of  (248)  when  P  is  in  the  caustic 
shadow  region.  These  terms  are  labeled  this  way  because  they  are  the  same  except 
the  caustic  correction  transition  functions  differ  on  the  lit  and  shadow  sides  of  the 
caustic.  The  non-central  ray  diffracted  field  is  the  second  term  in  (246)  in  the  caustic 
lit  region.  Finally,  the  curvature  dependant  central  ray  diffracted  field  is  the  second 
term  in  (248).  Although  this  diffracted  field  has  a  similar  form  as  the  central  ray 
diffracted  field,  it  has  a  different  curvattire  dependant  diffraction  coefficient  and  a 
different  caustic  correction  transition  function. 

The  first  case  considered  here  consists  of  a  flat  plate  with  a  p2irabolic  edge  with 
a  focal  length  of  a  =  3A  and  a  monopole  location  of  s'  =  5A  as  shown  in  Figure  18. 
We  begin  by  looking  at  the  GO  field  and  the  central  ray,  the  curvature  dependant 
central  ray  and  the  non-central  ray  diffracted  fields  as  shown  in  Figure  20.  Several 
interesting  facts  about  the  CC-UTD  can  be  seen  from  this  plot. 

First,  as  discussed  in  Chapter  5,  the  Incident  Shadow  Boundary  (ISB)  and  the 
Reflection  Shadow  Boundary  (RSB)  overlap  and  occur  at  ■0c  =  ’!’•  The  Caustic 
Boundaries  (CB)  occur  when  the  amplitude  spreading  factor  of  the  diffracted  field 
expressions  becomes  singular.  Therefore,  equating  the  denominator  of  (236)  to  zero. 


are  the  locations  of  the  CB’s.  The  CB’s  occur  at  0cb  =  78.4630°,  281.5370°  for  the 
dimensions  chosen  here.  These  values  are  shown  in  Figure  20.  It  is  also  easy  to  see 
how  the  solutions  on  the  lit  and  shadow  sides  of  the  caustic  differ.  The  central  ray 
and  cur'vature  dependant  central  ray  diffracted  fields  are  each  bounded  in  the  caustic 
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- Central  Ray  Diffracted  Field 
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Figure  20:  Diffracted  field  components  for  a  plate  with  a  focal  length  of  a  =  3A  and 
a  monopole  location  of  s'  =  5A. 


shadow  region.  In  this  region,  the  curvature  dependant  central  ray  diffracted  field 
can  be  viewed  as  a  correction  to  the  central  ray  diffracted  field.  However,  the  central 
ray  and  non-central  ray  diffracted  field  contributions  are  each  singular  in  the  caustic 
lit  region.  The  central  ray  diffracted  field  contribution  has  a  singularity  that  opposes 
the  singularity  in  the  non-central  ray  diffracted  field.  These  singularities  cancel  and 
the  proper  field  is  obtained  in  the  caustic  lit  region  when  these  two  contributions  are 
added  to  obtain  the  total  diffracted  field. 

Another  interesting  effect  that  appears  in  Figure  20  is  that  the  non-central 
diffracted  field  is  infinite  along  the  face  of  the  plate.  To  explain  this  phenom¬ 
ena;  (227),  (228)  and  (234)  can  be  used  to  obtain 

>■  2  0  -  2a)  sin  i)c  +  -  {vof  cos  i})^ 

(s'  -  a)  sin  V’c  +  Scy  {s'cY  -  [Vof  cos 

-{Vof  |sinV»c|  (252) 


which  is  proportional  to  the  large  parameter  used  in  the  asymptotic  expansion  of  the 
double  spectral  integral  form  of  the  ITD  diffracted  field.  Next,  we  find  that 


(s'  -  2o)  sin  V-c  +  CcV (sO^  -  {Vof  cos  V’c  , 

hm  - 7 - == - =  1 

^c-0,2ir  gJjj  ^  ^2  _  (y^J2  cos 


(253) 


which  makes 


ks'^  sin^  Pnc  ^  2jfey a  (s'  —  c)  |sin  ijjc 


(254) 


as  the  observation  point  approaches  the  face  of  the  plate.  This  result  clearly  shows 
that  the  large  parameter  used  in  the  asymptotic  expansion  of  the  double  spectral 
integral  form  of  the  ITD  diffracted  field  becomes  very  small  near  the  face  of  the 
plate.  Therefore,  this  asymptotic  expansion  is  invalid  in  these  directions.  This  is  not 
a  failure  of  the  ITD  or  the  CC-UTD,  it  is  simply  an  effect  that  has  been  neglected. 
Also,  sin  Pnc  0  near  the  face  of  the  plate  since  sin^  /?„c  approaches  zero  faster  than 
^nc  approaches  infinity.  When  sin  /9„c  —*  0  the  plate  will  support  waves  that  travel 
along  its  edge.  These  waves  axe  commonly  called  edge  waves.  This  geometry  can 
support  edge  waves  because  in  is  semi-infinite  in  extent.  Edge  waves  will  not  be 
supported  by  most  practical  geometries  and  therefore  are  not  a  major  problem. 
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Figure  21:  Radiated  field  components  for  a  plate  with  a  focal  length  of  a  =  3A  and  a 
monopole  location  of  5'  =  5A. 

The  diffracted  field  components  can  now  be  added  to  obtain  the  total  diffracted 
field.  The  GO,  diffracted  and  total  fields  are  shown  in  Figure  21.  This  figure  clearly 
shows  that  the  diffracted  field  is  not  only  bounded  near  the  caustic,  but  it  is  also 
smooth  and  continuous.  Therefore,  the  CC-UTD  is  uniform  across  the  caustics  of  the 
diffracted  field.  It  is  also  dear  that  the  diffracted  field  retains  a  discontinuity  along 
the  inddent  and  reflection  shadow  boundary.  Adding  the  GO  field  and  the  diffracted 
field,  we  see  that  the  total  radiated  field  is  smooth  and  continuous  everywhere. 

Finally,  Figure  22  shows  a  comparison  between  the  CC-UTD  solution  and  the 
UTD  solution.  This  figure  shows  that  the  CC-UTD  solution  corrects  for  the  caustics 
of  the  UTD  solution.  It  also  shows  that  the  CC-UTD  solution  smoothly  reduces  to 
the  UTD  solution  away  from  the  caustics.  This  is  one  of  the  requirements  of  a  uniform 
solution. 

As  another  example,  Figure  23  shows  a  comparison  between  the  CC-UTD  solution 
and  the  UTD  solution  for  a  plate  with  a  focal  length  of  a  =  3.5A  and  a  monopole 
location  of  s'  =  lOA.  This  figure  shows  that  the  CC-UTD  solution  corrects  for  the 
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Figure  22:  Total  radiated  field  comparison  for  a  plate  with  a  focal  length  of  a 
and  a  monopole  location  of  s'  =  5A. 


Figure  23:  Total  radiated  field  comparison  for  a  plate  with  a  focal  length  of  o  =  3.5A 
and  a  monopole  location  of  s'  =  lOA. 


Figure  24:  Total  radiated  field  comparison  for  a  plate  with  a  focal  length  of  a  =  0.05A 
and  a  monopole  location  of  s'  =  200A. 

caustics  of  the  UTD  solution.  It  also  shows  that  the  CC-UTD  solution  smoothly 
reduces  to  the  UTD  solution  away  from  the  caustics. 

Finally,  Figure  24  shows  a  comparison  between  the  CC-UTD  solution  and  the 
UTD  solution  for  a  plate  with  a  focal  length  of  o  =  0.05A  and  a  monopole  location 
of  sj.  =  200A.  The  dimensions  of  this  geometry  have  been  exaggerated  in  order  to 
illustrate  the  breakdown  of  the  CC-UTD  solution.  This  breakdown  occurs  when  the 
caustic  boundaries  are  near  the  GO  shadow  boundary;  therefore,  only  this  region  is 
plotted.  The  CC-UTD  and  UTD  solutions  are  seen  to  agree  very  well  away  from  this 
region  and  uimecessary  to  show  for  this  discussion. 

The  discontinuity  along  the  GO  shadow  boundary  is  a  result  of  the  fact  that  the 
caustic  correction  transition  functions  are  multiplied  by  the  Fresnel  transition  func¬ 
tion.  This  product  does  not  properly  correct  the  fields  when  the  caustic  boundaries 
are  near  the  GO  shadow  boundary.  This  is  a  gradual  breakdown  in  that  the  fields 
slowly  become  less  accurate  as  these  boundaries  approach  each  other.  However,  this 
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will  not  impact  many  practical  problems  due  to  the  extremely  exaggerated  dimensions 
necessary  for  this  breakdown  to  occur. 

2  Gain  Normalization  of  a  Uniform  Geometrical 
Theory  of  Diffraction  Solution 


The  UTD  is  a  good  method  for  determining  the  field  radiated  by  a  monopole  on  a 
flat  plate.  However,  the  UTD  field  solution  must  be  normalized  to  obtain  the  gain  of 
that  antenna.  This  section  is  devoted  to  the  discussion  of  two  simple  procedures  that 
can  be  used  to  find  the  gain  of  a  short  monopole  mounted  on  a  structure  using  the 
UTD. 

This  discussion  begins  with  the  definition  of  gain.  It  is  assumed  that  the  antenna 
is  lossless  for  the  purposes  of  this  work.  This  means  the  directive  gain  is  the  quantity 
of  interest.  The  directive  gain  of  an  antenna  is  defined  as  [35,  36] 


D,= 


(255) 


where  the  root-mean-squared  (r.m.s.)  radiation  intensity  is 


UM<i>)  =  -\E{r,e,<P) 


(256) 


and  Prod  is  the  total  r.m.s.  power  radiated  by  the  antenna.  The  directive  gain  can 


now  be  rewritten  as 


where 


D,= 


47r  Ef{t,  6,  <l>)  Ef{t,  6,  <f>) 
ZcPrad  ^  ^OPrad 


Ef{t,  6,  (f)  =  ^1^  re'*'’’ jB(r,  5,  ^) 


(257) 


(258) 


is  the  far-zone  electric  field.  The  directive  gain  cein  also  be  converted  to  decibels  using 


1^9  (dB)  =  lOlogio  [Dg] 


(259) 


since  it  is  a  power  ratio. 

The  UTD  solution  for  a  monopole  mounted  on  a  flat  plate  uses  the  field  radiated 
by  a  monopole  on  an  infinite  grotmd  plane  as  its  starting  point.  The  diffracted  field 
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is  then  included  to  account  for  the  fact  that  the  plate  is  finite  in  extent.  Therefore, 
the  total  UTD  field  is  proportional  to  the  field  of  the  monopole  on  an  infinite  ground 
plane.  It  is  commonly  known  that  the  field  radiated  by  a  short  monopole  on  an 
infinite  ground  plane  is  given  by  (239)  and  (240)  of  Subsection  1.1.  It  is  necessary 
to  determine  the  current  on  the  monopole,  lo,  and  the  total  r.m.s.  power  radiated  in 
order  to  obtain  the  gain  of  this  type  of  antenna  using  the  UTD. 

The  first  method  for  determining  the  directive  gain  of  a  short  monopole  mounted 
on  a  structure  comes  from  basic  antenna  theory.  It  is  easily  shown  that  the  total 
r.m.s.  power  radiated  by  a  short  monopole  is  [35,  36] 

=  80141 W  (260) 

OTT 

where  lo  is  the  current  on  the  monopole  and  d  is  the  length  of  the  monopole.  The 
directive  gain  in  (257)  can  now  be  rewritten  as 

_  3  EF{r,  g,  4>) 

®  “  2  Eo 

where  EF{r,6,<f))  is  the  far-zone  electric  field  given  in  (258)  and  Eo  is  given  in  (240). 
It  is  important  to  note  that  this  expression  is  valid  only  if  the  length  of  the  monopole 
is  very  short. 

The  closed  form  expression  for  the  total  r.m.s.  power  radiated  by  the  monopole 
becomes  less  accurate  as  the  length  of  the  monopole  increases.  This  occurs  because 
the  function  used  to  model  the  current  on  the  monopole  becomes  less  accurate.  In 
these  cases,  numerical  techniques  are  typically  used  to  obtain  a  more  accurate  model 
of  the  current.  The  Method  of  Moments  is  a  numerical  technique  that  is  used  to  solve 
for  the  current  induced  on  the  surface  of  an  antenna.  This  is  accomplished  by  making 
the  geometry  consist  of  a  wire  segment  attached  to  the  structure.  It  is  then  assumed 
that  the  radiation  in  due  to  a  voltage  excitation  located  at  the  point  where  the  wire 
attaches  to  the  plate.  This  excitation  voltage,  Vo,  is  a  known  input  into  the  MM 
solution.  The  currents  induced  on  the  antenna  sire  then  obtained  using  the  Method 
of  Moments.  The  current  on  the  monopole,  lo,  has  now  been  solved  for  and  the  total 
r.m.s.  power  radiated  is 

Prad  =  Re{V;/:}.  (262) 
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Figure  25:  Ray  geometry  for  the  radiation  of  a  short  monopole  on  an  elliptic  disk. 

Therefore,  if  the  current  on  the  wire  is  obtained  using  the  Method  of  Moments,  it 
can  be  used  in  conjunction  with  the  UTD  solution  to  obtain  the  far-zone  electric 
field  in  (258).  The  gain  can  then  be  obtained  using  (257)  and  the  total  r.m.s.  power 
generated  by  the  MM  solution. 

3  Radiation  of  a  Short  Monopole  on  an  Elliptic 
Disk 

The  other  geometry  to  be  studied  in  this  chapter  is  the  radiation  by  a  monopole  on 
an  elliptic  disk.  To  conform  to  the  assumptions  of  the  derivation  of  the  CC-UTD 
in  Chapter  5  it  is  important  that  the  monopole  is  mounted  in  the  center  of  the  disk 
and  the  radiation  pattern  must  be  taken  in  the  plane  of  S3rmmetry  of  the  ellipse. 
This  geometry  is  shown  in  Figure  25.  This  section  consists  of  two  parts.  First,  the 
parameters  required  for  the  CC-UTD  and  the  UTD  solutions  are  determined.  Next, 
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the  ladiated  field  is  calculated  using  the  CC-UTD  and  the  UTD.  These  results  are 
compared  to  a  MM  solution. 

3.1  Elliptic  Disk  Radiated  Field  Parameters 

It  is  important  to  accurately  define  the  edge  of  the  elliptic  disk  in  order  to  determine 
the  diffraction  parameters  required  to  use  the  CC-UTD  and  the  UTD.  An  ellipse  is 
defined  by 

where  a  and  b  are  the  principle  axes  of  the  ellipse  in  the  x  and  y  directions,  respectively. 
The  X  and  y  coordinates  of  a  point  of  the  edge  of  the  elliptic  disk  can  now  be  related 
by 

®e  =  acosv  (264a) 

ye  =  6sinv  (264b) 


where  v  is  the  only  variable.  The  diffraction  points  on  the  edge  of  the  disk  can  be 
determined  by  recalling  that  cos  P  =  cos  P'  at  these  points.  In  doing  so,  we  find  that 
Vda  =  T’  =  f  and 


are  the  diffraction  points  as  shown  in  Figure 
and 


;  if  Co  >  —  (^2 

(265) 

;  if  Co  <  -  C2 

25.  Also,  =  sgn{(6^  -  a^)cosV’o} 


Co  =  {ab  cos  (266a) 

C2  =  b^  (b^  —  cos^  V’o  —  (266b) 

axe  used  to  determine  the  locations  of  the  non-central  diffraction  points.  Now  that 
the  diffraction  points  have  been  found,  it  is  easy  to  see  that  if  |sinv,„:|  <  1  the  fax- 
zone  point  is  in  the  caustic  lit  region  and  all  other  cases  correspond  to  the  caustic 
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shadow  region.  Next,  the  distances  from  the  monopole  to  the  diffraction  points  are 
easily  shown  to  be 


^nc  ' 


(b^  —  a^)  sin^  v„ 
\Ja^  (6^  —  o^)  sin^  v, 


;  if  (o^  —  6^)  sin^  i;„c  <  a* 


;  if  (a^  —  5^)  sin^  n„c  > 


(267) 


and  =  a'l  =  h.  The  curvature  of  the  edge  at  any  point  is  found  to  be 

a^b 


^giQ')  — 


[a^  +  {F-a^)  xlf'^ 
ab 


[(asint;)^  +  (6cosu)2f'^^ 
from  (229).  Evaluating  (268)  at  Qco^  Qci  and  Qnc  we  obtain 


(268) 


^giQco)  —  f^giQcl)  —  2 


and 


^g(Qnc)  — 


ab 


(269) 


(270) 


+  (a2  -  fe2)  sin^ 

respectively.  Also,  differentiating  (268)  twice  and  evaluating  the  second  derivative  at 
Qco  and  Qd  we  get 

<(<3=)  =  ""(ft.)  =  "‘4—  (271) 

U' 

which  is  used  in  the  calculation  of  the  curvature  dependant  diffraction  coefficients  in 
the  caustic  shadow  regions.  Using  the  fact  that  at  the  diffiraction  points. 


)Sco  =  /8ci  =  2 


(272) 


and 


6in;3„c  = 


N 


(isin  ipoY  +  sin^  V’o)  sin^  v„c 

12  ,  f  0  Toil  •~2  (273) 

tr  +  (o^  —  r)  sm'^  Vnc 
are  the  oblique  incidence  angles  at  the  diffraction  points.  The  incidence  angles  at  the 
diffraction  points  are  =  0  since  the  monopole  is  located  on  the  disk 

and 


V’cO  =  V’. 


OJ 


(274) 
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"001  = 


TT  -  V’o  ;  if  V’o  <  TT 

Zt  -ipo  ;  if  V’o  >  ’*■ 


(275) 


(276) 


-asmvnc  cosV'o 

cos  V’nc  = - /  ,  ,  ,  (276) 

sin  +  (a^  -  62)  sin2 

are  the  a-ngl^s  from  the  diffraction  points  to  the  far-zone  observation  point.  The 
caustic  distances  can  now  be  determined  using  (10)  of  Chapter  2  and  are  pven  by 


/(Oeo)  = 


a?  —  6^ (1  +  cosipo)  ’ 


/-■'(ft.)  = 


pHQ^)  = 


_  52  _  cQs  V»o) 


B\v„c)3'„cSin^  ^r, 


B‘^{vnc)  sin^  /3„c  -  0^52  +  cos  V»o  sin  v„ 


where 


B(v„c)  =  +  (a2  -  62)  sin2  v^c  . 


The  GO  field  is  found  using  (239)  to  be 


where 


E^^(P)  =  •0O  Bo  cos  i)o  U[7r  -  tpo] 


Eo  =  =  -ieoJofcd . 

2irj 


(277) 


(278) 


(279) 


(280) 


(281) 


(282) 


Also,  (239)  can  be  used  to  determine  the  incident  field  at  each  of  the  diffraction  points 


E\Q^)  =  E'iQci)  =  ^'Eo 


at  the  two  central  diffraction  points  and 


e-j*»n<: 


E^Qnc)^-^' Eo¬ 
s', 


(283) 


(284) 


at  the  two  non-central  diffiraction  points.  The  far-zone  approximation  of  the  distance 
from  a  diffraction  point  to  the  far-zone  observation  point,  Rj,  is 


il  —  6  sin  Vd  cos  ipo  >  for  phase  terms 

R  ;  for  amplitude  terms 


(285) 
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Figure  26:  Polarization  unit  vector  directions  for  the  radiation  by  a  short  monopole 
on  an  elliptic  disk. 


where  R  is  the  distance  from  the  center  of  the  elliptic  disk  to  the  far-zone  point  and 
Vd  is  the  value  of  v  corresponding  to  the  diifraction  point  that  is  to  be  referenced  to 
the  center  of  the  disk.  It  is  now  necessary  to  determine  the  various  components  of 
the  ray  fixed  coordinate  ^  in  terms  of  the  global  coordinate  system.  In  doing  so,  we 
find  that  V’co  =  '0ci  =  —  '0o  at  the  central  diffraction  points  along  with 


(6  sin  V>o  cos  v^c)  -  (o  sin  Unc) 

sin  -  6^)  sin^  v„c 


(286) 


at  the  non- central  diffraction  points  which  have  been  found  using  (4a)  of  Chapter  2. 
These  polarization  vectors  are  shown  in  Figure  26.  Now,  since  the  non-central  diffrac¬ 
tion  points  are  symmetrically  located  about  the  x-axis,  the  /?<,  component  of  each  of 
the  non-central  diffraction  points  cancel  to  leave  only  the  '0o  components  as  expected. 
Therefore,  the  diffracted  field  in  the  caustic  lit  region  is 
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- - 

(287) 

where  (187)  of  Chapter  5  has  been  used  with  the  diffracted  field  parameters  found 
in  this  subsection.  Also,  the  diffraction  coefficient  is  given  in  (190)  through  (192) 
of  Chapter  5.  The  arguments  of  the  caustic  correction  transition  functions  must  be 
carefully  determined  since  the  non-central  diffraction  points  coalesce  at  both  Qc/a  and 
Qci.  Using  (189)  of  Chapter  5  we  find  that 

^0  =  \/2fc[(sin  Vnc  +  1)  6  cos  V'o  -  (288) 

is  the  argument  of  the  caustic  correction  transition  functions  for  determining  the 
diffracted  field  near  the  caustics  of  Qco  aJid 


6  =  J2k[{smvnc  -  1)  6  cos  V’o  -  <c  +  ®  (289) 


is  the  argument  of  the  caustic  correction  transition  functions  for  determining  the 
diffracted  field  near  the  caustics  of  Qd.  Next,  the  argument  of  the  caustic  correction 
transition  functions  for  the  non-central  diffracted  field  is 


;  if  — 1  <  sin  Vnc  <  0 
;  if  0  <  sin  v„c  <  1 


(290) 


which  has  been  chosen  to  account  for  the  fact  that  the  non-central  dii&action  points 
coalesce  to  both  Q^o  and  Qci^  Also,  from  (188)  in  Chapter  5 


(291) 


where  p'^iQco)  and  p‘^{Qci)  are  given  by  (277)  and  (278),  respectively.  Finally,  the 
diffracted  field  in  the  caustic  shadow  region  is 


+  ipoiEo 


Dh(Q^)  r,(&,  <S)sJ?iM  e-'"'”'*- 
%(Qco) 


i,  |jS.  Vh(Qci)  T,(f„2)^/(e.i)  e> 


ikbcoBtpo  ® 


(292) 
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from  (214)  of  Chapter  5  and  the  diffracted  field  parameters  found  previously  in  this 
subsection.  Also,  the  diffraction  coefficient  Dh{Qc)  is  given  by  (217)  and  (218)  of 
Chapter  5  and  Vh{Qc)  is  given  by  (203),  (217)  through  (221),  (223)  and  (224)  of 
Chapter  5.  The  argument  of  the  caustic  correction  transition  functions  for  determin¬ 
ing  the  diffracted  field  near  the  caustics  of  Qco  is 


^0  = 


y/2k[{sm  Vnc  +  l)b  cos  ipo  -  sj,c  +  h] 


-jrto-rlA 


(293) 


and  the  argument  of  the  caustic  correction  transition  functions  for  determining  the 
diffracted  field  near  the  caustics  of  Qd  is 


6  = 


^2&[(si 


sin  V„c  -1)6  cos  Ipo  -  Snc  + 


(294) 


where  r)o  =  —  sgn  |p‘^((?co)}  aiid  Vi  =  ~sgn|p‘*(Qci)}-  It  is  important  to  note  that 
it  is  possible  for  {(sin  Vnc  ±1)6  cos  ±  to  be  complex  in  the  caustic  shadow 

region.  Although  this  case  should  be  analyzed  using  uniform  steepest  descent  tech¬ 
niques,  it  is  treated  here  heuristicaUy.  The  caustic  correction  transition  functions 
are  not  critical  when  this  occurs  because  it  is  usually  in  the  deep  caustic  shadow 
region.  Therefore,  |  (sin  w„c  ±  1)  6  cos  ■0o  —  ^  I  I*®  because  it  will  pro¬ 

duce  a  transition  function  argument  that  is  piece-wise  continuous  in  magnitude.  The 
ramifications  of  this  approximation  will  be  discussed  in  the  next  subsection  when 
these  expressions  are  calciilated  numerically.  These  formulas  now  form  a  complete 
CC-UTD  solution  for  the  radiation  by  a  monopole  on  an  elliptic  disk.  The  sum  of  the 
GO  field  and  the  diffracted  field  corresponding  to  the  caustic  lit  region  or  the  caustic 
shadow  region  give  the  total  radiated  field. 


3.2  Numerical  Calculation  of  the  Field  Radiated  by  a  Short 
Monopole  on  an  Elliptic  Disk 

The  numerical  calculation  of  the  expressions  derived  in  Subsection  3.1  confirms  the 
uniformity  of  the  CC-UTD  developed  in  Chapter  5.  This  subsection  contains  a  com¬ 
parison  between  the  CC-UTD,  the  UTD  and  a  MM  solution.  The  field  radiated  by 
a  short  monopole  on  an  elliptic  disk  is  calculated  in  this  subsection  to  illustrate  the 
practical  use  and  accuracy  of  the  CC-UTD  developed  in  Chapter  5. 
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The  directive  gain  of  this  antenna  will  be  plotted  throughout  this  subsection.  The 
CC-UTD  and  the  UTD  field  solutions  are  converted  to  directive  gain  using  (261) 
derived  in  Section  2.  Also,  the  MM  solution  is  generated  throughout  the  subsection 
using  the  general  program  developed  by  Nehrbass,  Gupta  and  Newman  [37].  This 
MM  solution  calculates  the  gain  of  the  antenna  using  the  second  method  discussed  in 
Section  2.  It  should  be  noted  that  the  gain  calculations  using  the  CC-UTD  and  the 
UTD  are  entirely  independent  of  the  gain  calculations  using  the  MM.  This  results  in 
an  unbiased  comparison  of  the  resulting  solutions. 

First,  as  discussed  in  Chapter  5,  the  Incident  Shadow  Boundaries  (ISB)  and  the 
Reflection  Shadow  Boundaries  (RSB)  overlap  and  occur  at  •^o  =  0)  tt.  The  Caustic 
Boundaries  (CB)  occur  when  the  amplitude  spreading  factors  of  the  diffracted  field 
expressions  become  singular.  Therefore,  equating  the  denominators  of  (277)  and  (278) 
to  zero  we  obtain 

cosV'cBo  =  -  l|  (295) 

and 

cosV’cBi  “  “  (^)  j 

as  the  locations  of  the  CB’s  of  Qco  and  Qd,  respectively.  It  is  clearly  seen  from  these 
expressions  that  if  o  >  ^2b  none  of  the  diffraction  points  will  merge.  This  means 
that  there  are  no  caustics  for  the  geometries  satisfying  this  condition. 

The  first  pattern  cut  is  taken  by  making  o  =  2  m  and  6  =  5  m  at  a  frequency 
of  200  MHz.  The  directive  gain  in  the  y-z  plane  for  this  antenna  is  calculated  using 
the  CC-UTD,  the  UTD  and  the  Method  of  Moments  and  the  results  are  shown  in 
Figure  27.  It  is  clearly  seen  that  caustics  will  occur  in  this  plane  because  a  <  b. 
The  CB’s  of  Qco  occur  at  V’cbo  =  147.14°,  212.86°  and  the  CB’s  of  Qd  occur  at 
=  32.86°,  327.14°  for  the  dimensions  chosen  here.  These  boundaries  are  clearly 
seen  in  Figure  27.  One  of  the  advantages  of  the  CC-UTD  is  that  it  is  a  fast  way 
to  compute  the  radiation  pattern.  For  this  geometry,  the  MM  solution  required  29 
minutes  and  19.24  seconds  to  compute  on  a  Silicon  Graphics  Indigo/R4K  workstation. 
However,  the  CC-UTD  and  the  UTD  solutions  were  run  concurrently  on  the  same 
computer  and  required  only  1.23  seconds.  It  is  seen  from  this  figure  that  the  CC-UTD 


97 


(Degrees) 

Figure  27:  Directive  gain  comparison  in  the  y-z  plane  for  a  short  monopole  mounted 
on  an  elliptic  disk  with  a  =  2  m  and  6  =  5  m  at  a  frequency  of  200  MHz. 

is  bounded  and  uniform  across  the  caustics.  It  also  smoothly  reduces  to  the  classical 
UTD  away  from  the  caustics.  It  can  also  be  seen  that  the  CC-UTD  and  the  MM 
solutions  differ  oiJy  by  about  2  dB  in  the  back  lobe  repon.  It  can  also  be  seen  that 
there  are  small  discontinuities  along  the  GO  shadow  boundaries.  This  occurs  because 
double  diffractions  have  been  neglected  in  this  calculation. 

As  discussed  at  the  end  of  Subsection  3.1,  {(sinunc  i  1)  6cos'0o  —  +  5}  in  the 

arguments  of  the  caustic  correction  transition  functions  may  become  complex  in  the 
caustic  shadow  region.  The  angles  for  which  this  occurs  are 

cosV-f  =  ±^1-  (I)  (297) 

by  making  C2  =  0.  These  points  are  =  23.58°,  156.42°,  203.58°  and  336.42° 
for  this  geometry  and  can  be  seen  in  Figure  27.  It  is  seen  from  Figure  27  that  this 
has  a  negligible  effect  in  the  main  lobe  region  and  only  a  small  effect  in  the  back 
lobe  region.  The  field  in  these  regions  are  piece-wise  continuous  as  discussed  in  the 
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previous  subsection.  In  general,  this  has  little  noticeable  effect  for  most  practical 
geometries. 

The  numerical  integration  of  the  classical  Method  of  Equivalent  Currents  (MEC) 
solution  and  the  more  recent  ITD  formulation  is  now  performed  to  illustrate  the 
differences  between  them.  It  is  important  to  note  that  only  the  integration  of  the 
diffracted  field  contribution  of  the  ITD  is  performed  numerically  and  the  remaining 
integral  contributions  are  taken  to  be  the  GO  fields.  Although  this  is  not  a  complete 
ITD  solution,  it  is  consistent  with  the  formulations  in  this  work  and  with  the  as¬ 
sumptions  of  the  MEC.  This  will  result  in  an  unbiased  comparison  of  the  two  integral 
formulations. 

The  MEC  used  here  is  the  same  as  the  one  used  by  Greer  and  Burnside  [11].  The 
equivalent  currents  used  by  Greer  and  Burnside  are  the  equivalent  currents  of  Ryan 
and  Peters  [4,  5]  with  two  modifications.  First,  as  discussed  by  Knott  and  Senior  [9], 
the  substitution  of  sin^yS  =  sin/JsinjS'  is  made  to  enforce  reciprocity.  Second,  the 
GTD  diffraction  coefficients  are  replaced  with  the  UTD  diffraction  coefiicients  for 
normal  incidence.  These  equivalent  currents  are  then  substituted  into  the  radiation 
integral  and  numerically  integrated.  The  compajison  between  the  CC-UTD,  MEC 
and  MM  solutions  is  shown  in  Figure  28.  It  is  seen  from  this  figure  that  the  MEC 
solution  does  a  good  job  of  correcting  for  the  caustics.  However,  there  is  a  difference 
of  about  2  dB  between  the  MEC  and  MM  solutions  in  the  back  lobe  caustic  regions. 
This  occurs  partly  because  the  equivalent  currents  used  will  not  produce  the  complete 
UTD  solution  when  the  method  of  stationary  phase  is  applied  to  the  integral.  Since 
the  UTD  diffraction  coefiicients  for  normal  incidence  are  used,  the  stationary  phase 
evaluation  of  the  radiation  integral  can  not  produce  a  UTD  solution  with  the  proper 
distance  parameters  for  obliquely  diffracted  rays. 

Next,  the  diffracted  field  contribution  of  the  ITD  is  numerically  integrated  and 
added  to  the  GO  field.  The  comparison  between  the  CC-UTD,  ITD  and  MM  solutions 
is  shown  in  Figure  29.  It  is  seen  from  this  figure  that  either  high  frequency  solution 
does  a  good  job  of  correcting  for  the  caustics.  This  figure  also  illustrates  that  the 
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Figure  28:  Directive  gain  comparison  between  the  CC-UTD,  MEC  and  MM  for  the 
y-z  plane  pattern  of  a  short  monopole  on  an  elliptic  disk  with  a  =  2  m  and  6  =  5  m 
at  a  frequency  of  200  MHz. 

CC-UTD  solution  is  a  good  approximation  of  the  original  ITD  diffracted  field  integral 
equation. 

To  obtain  the  other  principle  plane  radiation  pattern  for  this  disk,  the  values  of  a 
and  b  are  interchanged  due  to  the  definition  of  the  angle  i/fo-  Therefore,  the  other  plane 
of  this  disk  is  obtained  by  making  a  =  5  m  and  6  =  2  m  at  a  frequency  of  200  MHz. 
The  directive  gain  in  the  y-z  plane  for  this  antenna  is  calculated  using  the  CC-UTD, 
the  UTD  and  the  Method  of  Moments  and  the  residts  are  shown  in  Figure  30.  It  is 
clearly  seen  that  no  caustics  will  occur  in  this  plane  because  a  >  -y/^b.  Therefore,  the 
caustic  corrections  should  have  little  effect  and  the  CC-UTD  and  the  UTD  solutions 
should  be  essentially  identical.  The  computer  run  times  for  this  example  are  the 
same  as  those  of  the  previous  example.  It  is  seen  from  this  figure  that  the  CC-UTD  is 
essentially  the  same  as  the  UTD  and  in  good  agreement  with  the  MM.  Again,  there 
are  small  discontinuities  along  the  GO  shadow  boundaries  because  double  diffractions 
have  been  neglected  in  this  calculation. 
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Figure  30:  Directive  gain  comparison  in  the  y-z  plane  for  a  short  monopole  mounted 
on  an  elliptic  disk  with  o  =  5  m  and  6  =  2  m  at  a  frequency  of  200  MHz. 


(Degrees) 

Figure  31:  Directive  gain  comparison  in  the  y-z  plane  for  a  short  monopole  mounted 
on  an  elliptic  disk  with  a  =  1.5  m  and  5  =  1.7  m  at  a  frequency  of  300  MHz. 

The  next  pattern  cut  is  taken  by  making  a  =  1.5  m  and  5  =  1.7  m  at  a  frequency 
of  300  MHz.  The  directive  gain  in  the  y-z  plane  for  this  antenna  is  calculated  using 
the  CC-UTD,  the  UTD  and  the  Method  of  Moments  and  the  results  are  shown  in 
Figure  31.  It  is  clearly  seen  that  caustics  will  occur  in  this  plane  because  a  <  y/2b. 
The  CB’s  of  Qco  occur  at  V’cbo  =  102.79°,  257.21°  and  the  CB’s  of  Qd  occur  at 
V’cBi  =  77.21°,  282.79°  for  the  dimensions  chosen  here.  These  boundaries  are  clearly 
seen  in  Figure  31.  For  this  geometry,  the  MM  solution  required  30  minutes  and  28.58 
seconds  to  compute  and  the  CC-UTD  and  UTD  solutions  required  only  1.19  seconds. 
It  is  seen  from  this  figure  that  the  CC-UTD,  the  UTD  and  the  MM  are  in  good 
agreement.  Again,  there  are  small  discontinuities  along  the  GO  shadow  boundaries 
because  double  diffractions  have  been  neglected  in  this  calculation. 

The  other  plane  of  this  disk  is  obtained  by  making  a  =  1.7  m  and  6  =  1.5  m 
at  a  frequency  of  300  MHz.  The  directive  gain  in  the  y-z  plane  for  this  antenna 
is  calculated  using  the  CC-UTD,  the  UTD  and  the  Method  of  Moments  and  the 
results  are  shown  in  Figure  32.  It  is  clearly  seen  that  caustics  will  also  occur  in 
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Figure  32:  Directive  gain  comparison  in  the  y-z  plane  for  a  short  monopole  mounted 
on  an  elliptic  disk  with  a  =  1.7  m  and  6  =  1.5  m  at  a  frequency  of  300  MHz. 

this  plane  because  a  <  y/2h.  The  CB’s  of  Qco  occur  at  if^cso  —  73.47®,  286.53®  and 
the  CB’s  of  Qci  occur  at  V’cbi  =  106.53®,  253.47®  for  the  dimensions  chosen  here. 
These  boundaries  are  clearly  seen  in  Figure  32.  The  computer  run  times  for  this 
example  are  the  same  as  those  of  the  previous  example.  It  is  seen  from  this  figure 
that  the  CC-UTD,  the  UTD  and  the  MM  are  in  good  agreement.  Again,  there  are 
small  discontinuities  along  the  GO  shadow  boundaries  because  double  diffractions 
have  been  neglected  in  this  calculation. 

The  next  pattern  cut  is  taken  by  making  a  =  2.0  m  and  b  =  1.414  m  at  a  frequency 
of  300  MHz.  The  directive  gain  in  the  y-z  plane  for  this  antenna  is  calculated  using 
the  CC-UTD,  the  UTD  and  the  Method  of  Moments  and  the  results  are  shown  in 
Figure  33.  It  is  clearly  seen  that  caustics  will  not  occur  in  this  plane  because  a  >  \/2  b. 
However,  for  this  geometry  a  «  ■\/2b  which  means  that  the  diffraction  point  become 
very  close  together  but  do  not  coalesce.  This  meeins  that  although  the  UTD  solution  is 
not  singular  in  this  plane,  it  will  predict  incorrect  directive  gain  when  this  occurs.  This 
effect  can  be  clearly  seen  in  Figure  33.  For  this  geometry,  the  MM  solution  required  44 
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Figure  33:  Directive  gain  comparison  in  the  y-z  plane  for  a  short  monopole  mounted 
on  an  elliptic  disk  with  a  =  2  m  and  b  =  1.414  m  at  a  frequency  of  300  MHz. 

minutes  and  22.67  seconds  to  compute  and  the  CC-UTD  and  UTD  solutions  required 
only  1.23  seconds.  It  is  seen  from  this  figure  that  the  CC-UTD  and  the  MM  are  in 
good  agreement.  It  should  be  noted  that  the  discontinuities  along  the  GO  shadow 
boundaries  axe  not  caused  by  the  absence  of  double  diffraction  terms,  but  are  caused 
by  the  breakdown  of  the  CC-UTD.  It  was  assumed  in  the  derivation  of  the  CC- 
UTD  that  the  GO  shadow  boundaries  can  not  be  close  to  the  caustic  boundaries. 
This  breakdown  is  not  catastrophic  for  this  case  which  means  the  caustic  lit  region 
expressions  in  the  CC-UTD  axe  well  behaved  when  this  occurs. 

The  next  pattern  cut  is  taken  by  making  a  =  2.0  m  and  b  =  1.415  m  at  a  frequency 
of  300  MHz.  The  directive  gain  in  the  y-z  plane  for  this  antenna  is  calculated  using 
the  CC-UTD,  the  UTD  and  the  Method  of  Moments  and  the  results  are  shown  in 
Figure  34.  It  is  clearly  seen  that  caustics  will  occur  in  this  plane  because  a  <  y/2  b. 
However,  for  this  geometry  a  «  s/^b  and  the  diffraction  point  coalesce  on  either  side 
of  the  GO  shadow  boundaries.  The  CB’s  of  Qco  occur  at  ipcBo  =  3.8207°,  356.1793° 
and  the  CB’s  of  Qd  occur  at  ^cbi  =  176.1793°,  183.8207°  for  the  dimensions  chosen 
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Figure  34:  Directive  gain  comparison  in  the  y-z  plane  for  a  short  monopole  motmted 
on  an  elliptic  disk  with  a  =  2  m  and  b  —  1.415  m  at  a  frequency  of  300  MHz. 

here.  It  is  clear  from  Figure  34  that  the  breakdown  of  the  CC-UTD  is  catastrophic 
for  this  case.  This  means  the  caustic  shadow  region  expressions  in  the  CC-UTD  Me 
not  well  behaved  when  this  occurs. 

The  breakdown  of  the  CC-UTD  solution  on  the  lit  side  of  the  caustic  can  be 
attributed  to  one  main  fact.  The  product  of  the  caustic  correction  transition  functions 
and  the  Fresnel  transition  function  do  not  correctly  account  for  the  phenomena  that 
is  occurring.  That  is,  this  product  is  incorrect  when  the  dii&action  points  coalesce 
near  the  GO  shadow  boundaries.  This  produces  a  non-catastrophic  result  because 
each  transition  function  will  correct  its  own  particular  phenomena,  but  when  these 
phenomena  are  near,  the  result  is  slightly  off.  On  the  other  hand,  the  caustic  shadow 
region  expressions  of  the  CC-UTD  breakdown  for  two  reasons.  The  first  is  the  product 
of  the  caustic  correction  transition  functions  and  the  Fresnel  transition  function  do  not 
correctly  account  for  the  phenomena  that  is  occurring.  This  is  similar  to  the  caustic 
lit  region.  However,  it  was  seen  that  the  caustic  shadow  region  field  predicted  by  the 
CC-UTD  was  catastrophic.  This  occurs  because  the  curvature  dependent  diifraction 
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Figure  35:  Directive  gain  comparison  in  the  y-z  plane  for  a  short  monopole  mounted 
on  an  elliptic  disk  with  a  =  m  and  5  =  2  m  at  a  frequency  of  300  MHz. 

coefficient  used  in  the  caustic  shadow  region  was  obtained  by  differentiating  the  ITD 
half-plane  difEraction  coefficient.  This  differentiation  is  valid  only  if  the  function  is 
well  behaved  near  the  point  of  differentiation.  This  is  not  true  in  this  case  because 
we  are  near  the  GO  shadow  boimdaries. 

The  final  pattern  cut  is  obtained  by  making  a  =  m  and  6  =  2.0  m  at  a  frequency 
of  300  MHz.  This  will  correspond  to  the  other  plane  of  both  of  the  previous  examples 
since  the  field  variation  as  a  function  of  a  is  minimal  in  this  plane.  The  directive  gain 
in  the  y-z  plane  for  this  antenna  is  calculated  using  the  CC-UTD,  the  UTD  and  the 
Method  of  Moments  and  the  results  are  shown  in  Figure  35.  It  is  clearly  seen  that 
caustics  win  also  occur  in  this  plane  because  a  <  y/^b.  The  CB’s  of  Qt^o  occur  at 
V’cBo  =  120°,  240°  and  the  CB’s  of  Qd  occur  at  ^’cbi  =  60°,  300°  for  the  dimensions 
chosen  here.  These  boundaries  axe  clearly  seen  in  Figure  35.  The  computer  run  times 
for  this  example  axe  the  same  as  those  of  the  previous  example.  It  is  seen  from  this 
figure  that  the  CC-UTD,  the  UTD  and  the  MM  axe  in  good  agreement.  Again,  there 
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axe  smaJl  discontintdties  along  the  GO  shadow  boundaries  because  double  difiractions 
have  been  neglected  in  this  calculation. 
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SECTION  7 

Scattering  by  a  Flat  Plate  with  a 
Curved  Edge 


The  near-zone  scattering  by  an  object  with  a  curved  edge  is  of  great  importance  in 
many  high  frequency  electromagnetic  problems.  Although  the  Uniform  Geometrical 
Theory  of  Dif&action  gives  accurate  results  away  from  the  caustics  of  the  curved 
edge,  it  fails  near  and  at  the  caustics.  This  chapter  is  devoted  to  the  derivation 
of  a  caustic  corrected  UTD  solution  for  the  near-zone  diffraction  by  a  curved  edge. 
This  formulation  is  similar  to  that  in  Chapter  5  except  the  near-zone  point  is  no 
longer  restricted  to  lie  on  the  face  of  the  plate.  This  results  in  a  more  general  caustic 
corrected  UTD  solution. 

1  Problem  Formulation 

In  Chapter  5,  a  caustic  corrected  UTD  solution  was  derived  for  determining  the  field 
diffracted  by  a  curved  edge.  In  that  derivation,  the  source  location  was  restricted  to 
lie  on  the  face  of  the  plate.  In  addition  to  being  a  useful  solution  in  its  own  right, 
it  illustrates  the  basic  procedures  used  to  obtain  a  CC-UTD  solution  for  this  type 
of  problem.  To  generalize  the  applicability  of  the  CC-UTD  solution,  the  near-zone 
point  win  no  longer  be  located  on  the  face  of  the  plate.  The  basic  procedure  used  in 
Chapter  5  will  be  used  here  to  obtain  a  CC-UTD  solution  for  this  more  general  case. 

Two  main  topics  must  be  addressed  when  formulating  a  caustic  corrected  UTD 
solution  for  determining  the  field  near  the  caustics  of  waves  diffracted  by  curved  edges. 
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First,  the  canonical  geometry  must  be  chosen  to  be  the  simplest  structure  containing 
the  phenomena  of  interest.  The  method  of  solution  must  also  be  determined.  This 
section  is  a  discussion  of  the  canonical  geometry  and  the  method  of  solution  for  the 
scattering  by  a  flat  plate  with  a  curved  edge. 

The  phenomena  of  interest  here  is  the  coalescence  of  three  diffraction  points. 
Therefore,  the  canonical  geometry  to  be  used  should  contain  no  more  than  three 
diffraction  points.  Although  a  disk  is  often  used  as  a  canonical  geometry,  it  has 
either  two  or  four  diffraction  points  depending  on  which  region  the  observation  point 
is  in.  However,  this  geometry  would  unnecessarily  complicate  the  solution  because 
there  is  one  more  diffraction  point  than  is  needed  for  studying  this  phenomena.  This 
occurs  because  the  disk  is  finite  in  extent.  The  simplest  geometry  that  contains  the 
phenomena  of  interest  is  the  curved  edge  of  a  semi-infinite  flat  plate.  Once  the  CC- 
UTD  has  been  developed  for  this  geometry,  the  solution  can  be  applied  to  the  disk 
due  to  the  high  frequency  localization  property  of  electromagnetic  fields. 

It  is  also  important  to  consider  the  mathematics  involved  with  the  geometry  in 
order  to  obtain  a  tractable  solution.  The  scope  of  the  solution  is  narrowed  for  the 
purposes  of  this  work.  The  procedure  used  to  obtain  a  solution  here  can  be  used  to 
obtain  a  more  general  solution.  However,  to  study  the  phenomena  of  interest,  it  is 
assumed  that  the  edge  of  the  plate  is  symmetric,  the  source  direction  lies  in  the  plane 
of  symmetry  and  the  near-zone  observation  point  is  also  in  the  plane  of  symmetry 
of  the  edge  of  the  plate.  This  geometry  is  chosen  so  that  the  diffraction  points  are 
symmetrically  located  and  equally  spaced.  A  procedure  similar  to  the  one  developed 
here  can  be  used  to  obtain  a  solution  if  the  diffraction  points  are  not  equally  spaced. 

The  ITD  developed  by  Tiberio  and  Maci  [15,  16,  17]  will  be  used  in  this  work 
to  obtain  a  caustic  corrected  UTD  solution.  The  ITD  contains  three  different  com¬ 
ponents  as  discussed  in  Section  1  of  Chapter  4.  The  first  term  is  a  Physical  Optics 
surface  integral.  This  integral  can  be  formulated  by  using  the  spectral  domain  form  of 
the  scalar  free  space  Green’s  function,  interchanging  the  spectral  and  spatial  integrals 
and  performing  the  spatial  integrals.  This  results  in  a  double  spectral  integral  form 
of  the  PO  integral.  Upon  doing  so,  it  can  be  seen  that  the  PO  integral  contains  three 
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double  integral  stationary  phase  points  and  a  branch  point  of  order  —  |.  Although 
it  should  be  theoretically  possible  to  obtain  a  uniform  asymptotic  expansion  for  this 
type  of  integral,  it  is  not  possible  using  existing  theories.  Also,  since  the  phase  func¬ 
tion  would  have  to  be  mapped  to  a  fourth  order  polynomial  that  is  a  function  of  two 
variables,  the  canonical  integral  would  have  an  extremely  complicated  form.  In  fact, 
this  integral  would  be  no  simpler  to  compute  than  the  original  PO  integral.  This 
defeats  the  purpose  of  the  asymptotic  expansion.  Therefore,  we  wish  to  make  some 
approximations  in  order  to  obtain  simpler  integrals. 

As  discussed  in  Section  1  of  Chapter  4,  the  PO  surface  integral  minus  its  edge 
contribution  is  approximately  the  Geometrical  Optics  field.  This  approximation  is 
valid  as  long  as  the  reflection  point  is  not  near  the  edge  when  the  diffraction  points 
coalesce.  This  is  the  same  as  saying  that  the  caustic  boundaries  can  not  be  close  to  the 
incident  or  reflection  shadow  boundaries.  This  will  be  assumed  here.  Therefore,  the 
only  remaining  contribution  of  the  ITD  is  the  diffracted  field  component.  The  total 
ITD  field  win  be  approximated  by  the  GO  field  and  the  diffracted  field  contribution 
of  the  ITD  integrated  along  the  edge  of  the  plate.  The  diffracted  field  contribution 
of  the  ITD  is  derived  in  Chapter  4. 

Only  single  integrals  appear  in  this  solution.  The  resulting  formulation  is  simple 
enough  in  form  to  allow  for  the  uniform  asymptotic  expansion  of  the  diffracted  field 
integral  equations.  The  canonical  integrals  used  in  this  expansion  are  standard  and 
well  tabulated  functions.  This  is  an  attractive  feature  of  any  asymptotic  expansion. 

2  Diffraction  Integral  Formulation 

A  set  of  integral  equations  must  be  formulated  so  that  they  can  be  asymptotically 
expanded  to  obtain  a  caustic  corrected  UTD  solution.  The  ITD  will  be  used  in  this 
work  to  obtain  these  diflEraction  integrals.  This  section  is  a  derivation  of  the  diffracted 
field  integral  equations  used  to  obtain  a  caustic  corrected  UTD  solution. 

Some  assumptions  must  be  made  to  obtain  a  usable  set  of  dif&acted  field  inte¬ 
gral  equations.  First,  as  discussed  in  Section  1,  the  incident  and  reflection  shadow 
boundaries  cein  not  be  close  to  the  caustic  boundaries  caused  by  the  curvature  of  the 
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Figure  36:  Scattering  geometry  for  the  diffraction  by  a  curved  edge. 

edge  since  only  the  diffracted  field  contribution  of  the  ITD  is  to  be  asymptotically  ex¬ 
panded  here.  Next,  recalling  that  the  ITD  diffracted  field  in  Chapter  4  Wcis  obtained 
by  asymptotically  expanding  a  double  spectral  integral  assuming  that  kr  sin^  /3  ^  1, 
this  must  also  be  enforced  here.  Finally,  it  will  be  assumed  that  the  curvature  of  the 
edge  is  symmetric  and  the  source  direction  and  the  observation  location  lie  in  this 
plane  of  symmetry  as  discussed  in  Section  1.  This  geometry  is  shown  in  Figure  36. 

The  diffraction  integrals  used  to  obtain  a  caustic  corrected  UTD  solution  are 
determined  using  the  ITD.  The  diffracted  field  contribution  of  the  ITD  is 

E\P)  =  j  d&{l)  (298) 

Ce 

where  Ce  is  the  edge  contour  and 

dE‘^{l)  -  E\Q') .  ^  dl  (299) 
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is  the  electric  field  difiracted  by  an  infinitesimal  length  of  the  edge  of  a  wedge.  The 
half-plane  diffraction  coefficients  given  by 


Ds,hiQ')  =  2 


1  {F[feXa(^-)]  F[Jfeia($+)] 


(300) 


are  used  since  only  flat  plates  are  being  considered.  Also,  the  angle  paxcimeter  o($^) 
is  given  by 


o($^)  =z  2cos^ 


(301) 


where  ^  ::p:  the  distance  parameter  is  X  =  r  sin^  /3  and  F[x]  is  the  UTD 

Fresnel  transition  function  defined  in  (6).  It  will  be  advantageous  to  define  the  total 
diffracted  field  as  the  sum  of  a  soft  polarization  diffracted  field  and  a  hard  polarization 


diffracted  field 


where 


r(p)  =  Ei(p) + Et{p) 


oo 

Bi(p)  =  j 


is  the  soft  polarization  diffracted  field  contribution  and 


(302) 


(303) 


oo 

H{P)  =  f  iSt(x.) 


(304) 


is  the  hard  polarization  diffracted  field  contribution.  The  soft  polarized  incremental 
diffracted  electric  field  is 

dEi(x,)  =  S'((3') .  ^  dx,  (305) 

and  the  hard  polarized  incremental  diffracted  electric  field  is 

dEi(x.)  =  ^  (^)  dx,  (306) 

where  the  variable  of  integration  is  changed  from  arc  length  to  the  x  direction.  Also, 
the  incident  field  at  any  point  on  the  edge  is 

EW)  =  ^‘(0)  (307) 
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Figure  37:  Polarization  unit  vectors  for  the  diffraction  by  a  curved  edge. 


where 

(308) 

and  the  polarization  unit  vectors  for  the  incident  field  are  shown  in  Figure  37.  It 
is  now  necessary  to  write  the  incident  ray  fixed  unit  vectors  and  in  terms  of 
the  fixed  incident  unit  vector  directions  and  ^0^  and  the  diffracted  ray  fixed  unit 
vectors  jS  and  0  in  terms  of  the  fixed  observation  unit  vectors  Jc,  /3c  and  0c-  These 
unit  vectors  are  shown  in  Figure  37.  The  definition  of  the  and  ye  coordinates  of  a 
point  on  the  edge  is  necessary  in  order  to  determine  these  unit  vector  transformations. 
The  ye  coordinate  of  a  point  on  the  edge  is  related  to  the  Xe  coordinate  by 


_2p 

2p)\  ^ 

1  2,1  4,1  6  ,  ®2p  2p 


(309) 


p=4  m 

since  the  edge  was  assumed  to  be  symmetric  about  the  y-axis.  The  vectors  and 
c  shown  in  Figure  36  can  now  be  determined  since  the  edge  of  the  plate  has  been 
defined.  First,  the  position  vector  is  defined  as 


XXe+yVe  =  2^ - i - Xl 


(310) 


9=0 
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where  the  derivatives  of  the  position  vector  are  taken  with  respect  to  Xg.  The  position 
vector  can  be  written  as 


fe  =  x{Xe}  +  y  {  ^  aJe  +  ^  [<(^c)  +  3«J(Qc)]  ®e 

+  ^  [«a''(<?c)  +  34«2((5c)k"(Qc)  +  45k®(<?c)]  ®e} 


(311) 


,=7  9! 

using  (724),  (758)  and  (763)  from  Appendix  D.  The  first  three  coefficients  in  (309) 
are 

02  =  HgiQc) ,  (312) 


04  =  k„"(Qc)  +  3k^(Qc) 


(313) 


and 


06  =  <(Qc)  +  MKliQc)K^\Q,)  +  45K®(t?c)  (314) 

which  axe  found  by  comparing  (309)  and  (311).  It  is  important  to  note  that  k"(Qc) 
and  Kp'^(Qc)  ore  the  second  and  fourth  derivatives  of  the  curvature  with  respect  to 
arc  length,  respectively.  The  edge  vector  is  given  by 


-x-y^ 


e  = 


dXe.  _ 


from  the  definition  of  the  unit  edge  vector  and 

dye 


(316) 


e  =  -x-y 


dxe 


(316) 


is  the  edge  vector.  The  rotation  of  the  incident  ray  fixed  unit  vectors  and  into 
the  fixed  incident  vectors  '  and  -0  c  oon  now  be  performed.  The  incident  ray  fixed 
unit  vector  0'  is 

ex  s'  ex  s'. 

-  sml3'  ~  {£;)  sin/3' 

using  the  definition  of  0'  given  in  (4b)  of  Chapter  2  and  the  unit  edge  vector  definition 
in  (315).  Decomposing  the  edge  vector  into 


e  =  s'^  (e-5')  +  ^c  (e-^Q+0c  (e*0c) 


(318) 
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and  taking  the  cross  product  we  obtain 


(319) 


as  in  terms  of  the  incident  wave  unit  vector  directions.  Next,  the  unit  vector  p' 
is  defined  as 

i8'  =  ?'x‘0'  (320) 

using  (4d)  in  Chapter  2  which  leads  to 

^  _  r  ^ .  •A  ^  ^ 

(321) 


as  the  vector  in  terms  of  the  incident  wave  unit  vector  directions.  The  decompo¬ 
sition  of  the  diffracted  ray  fixed  unit  vectors  ^  and  ij}  into  the  fixed  observation  unit 
vectors  Sc,  fic  '^c  can  now  be  performed.  The  unit  vector  ^  is  defined  as 

O  N/  A 

(322) 


-  sxe 


using  (4a)  of  Chapter  2.  We  can  now  write  ^  as 

(^c  X  e )  7*e  X  e 


V’  = 


using  (315)  and 


^  Sc  Sc  Tc 
S  =  - 


(323) 


(324) 


which  can  be  obtained  from  Figure  36.  It  is  now  necessary  to  decompose  the  vectors 


e  =  Sc  (e  •  Sc)  -f  (e  •  ^c)  +  (e  •  i’c) 


(325) 


and 


fe  X  e  =  Sc  {Sc  •  (fe  X  6  )}  +  ^c  {A  ’  (f^e  X  e )}  (326) 

into  their  Sc,  /0c  and  components.  This  allows  us  to  take  the  cross  products  in  (323) 
to  obtain 

5  =  -  f  fe-(r.xe)]1  g  f  1 


+ 


Sc  (e  •  /0c)  [^c  •  (^e  X  e )] 


f  «C  (e  •  /0 

1“  (&)- 


1 


(327) 
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as  the  unit  vector  ^  in  terms  of  its  Sc,  ySc  and  '0c  components.  Finally,  the  xinit  vector 
^  is 

3  ^  ^  (Sc  X  0)  X  0 

/3  =  a  X  0  =  — - - - - 

r  r 

using  the  definition  (4c)  of  Chapter  2  and  a  given  by  (324).  By  decomposing  the 
position  vector  Ve  as 


fe  =  8c  (fe  •  ac)  +  Pc  {tc  '  Pc)  +  0c  (^e  *  0c) 


(329) 


we  can  perform  the  cross  products  in  (328)  to  obtain 

^  I  Sc  (e  •  Pc)  (fe  ■  Pc)  [0c  •  {K  X  e  )]  (fe  •  Pc) 

Sc  (e  •  ■0c)  (fe  •  ■0c)  1 

(£)»•"  j 

3  f  4  (e  •  Pc)  Sc  [0c  •  (re  X  e )]  ac  (c  •  ^c)  (re  •  ?c) 

[■0C  •  (re  X  e  )]  (fe  •  ac)  [Sc  •  (fe  X  e  )]  (fe  •  0c)  | 

J_  ^c  (e-0c)  ^C  (e  •  0c)  (re  •  ^c) 

I  (£^)r^smp 

[ac  •  (fe  X  C  )]  (fe  •  ^c)  1 


(330) 


as  the  unit  vector  P  in  terms  of  its  Sc,  Pc  and  0c  components. 

The  soft  and  hard  incremental  diffracted  electric  fields  can  now  be  determined 
since  the  ray  fixed  unit  vectors  have  been  decomposed  into  the  global  incident  smd 
scatter  unit  vector  directions.  The  soft  polarization  incremental  diffracted  electric 
field  is 


dE‘.(x.)  =  £■(<?')  ■;8'^5,(<?')^(^)<fa. 

=  {?. .  [£*(0) .  m] }  (^)  ^  dx, 

+  K  {%  ■  [i‘(o)  ^  <te. 
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where 

h(®e)  =  -?;-fe-r  (332) 

is  the  phase  function  of  the  diffraction  integrals.  It  is  important  to  determine  the  order 
of  the  zeros  of  the  amplitude  functions  to  obtain  the  correct  asymptotic  expressions  for 
the  diffracted  fields.  It  is  therefore  necessary  to  determine  the  various  dot  products 
in  the  unit  vectors  ip',  ^  and  At  this  point,  these  dot  products  are  only 
determined  to  find  the  order  of  the  zeros  of  the  amplitude  functions  because  we  wish 


to  retain  the  vector  nature  of  the  solution.  We  begin  by  noting  that 

=  —y  cos  -0'  —  2  sin  ■0c 

(333a) 

P'c 

=  —X 

(333b) 

^'c 

=  —y  sin  0'  +  z  cos  0^ 

(333c) 

are  the  incident  wave  unit  vectors  and 

Sc 

=  y  cos  0c  +  2  sin  0c 

(334a) 

/3c 

=  X 

(334b) 

=  —y  sin  0c  +  z  cos  0c 

(334c) 

are  the  scattered  wave  unit  vectors.  Next,  using  (310)  and  (316)  we 

find  that 

Te 

(335) 

where  is  given  in  (309).  Therefore,  the  necessary  dot  products  are  found  to  be 

e-P'c 

=  1 

(336a) 

e-^'c 

=  - —  sm0c  OC  Xe 

(tx^ 

(336b) 

e-fic 

=  -1 

(336c) 

e-ipc 

=  sm0c  a  Xe 

(tx^ 

(336d) 

Te  •  Sc 

=  ye  cos  0c  OC  Xg 

(336e) 
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fe-ySc  =  ®e 

Te-rj^c  =  -3/e  sin  V>c  OC  X 


Sc  •  (fe  X  e  )  =  ^2/e  -  ®e  Sin  l(>, 

•  (fe  X  e  )  =  -  ®e 


c  « 


COsV’c  «  ®, 


(336f) 

(336g) 

(336h) 

(336i) 


using  (309)  to  determine  how  each  quantity  is  proportional  to  (a)  Xe.  Therefore, 
using  (308),  (321)  and  (330)  we  find  that 


Sc-[e\0)-P'^]  =  Xc\-El 


®«(^)  sm  13  sin 


+  ® 


-El 


Scl 

(fe-^c)  (e'0c)| 

sin  ^  sin  J 

+  xti-El 


f  .  [3^c‘(fe  X  e)]  (fe-^c)  (e-^c) 


,  (e--^c)  (fe  -^c)  (e-^j  ] 


®e(^)  ’•^sin^sin^'  j 


+  ® 


-i?: 


'V'c 


[0c  •  (fe 

:  X  e  ) 

1  (fe  •  ^c)  ( 

[e-0c) 

r^sin/0sin)0' 

.  Sc  (e  •  ■0c)  (fe  •  0c)  (e  •  -0')  ^ 


(337) 


^t(£:)  r^sin^sin^'  j 

where  (336)  has  been  used  to  determine  the  order  of  the  zeros.  Similarly,  we  find  that 


^c’Ie‘(o)^^'^]  =  |-e; 


+  Xe<-E: 


,  sl(e.K)(i-h)  ' 

f  r..-  I 


®e  (i)  ’•^s^^sin^' j 
[  p.-  Sc[0c»(fe  X  e)]  (e>0  j 

®e  (^)*»’^  sin )0 sinks' 


Vic 


Scl 

[?-a) 

1  (fe  •3‘c)  (e-0') 

X 

3  (JL^ 
®  \<ixe; 

1  sin sin  j0' 
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,.•  [S'c  •  (re  X  e )]  (fe  •  -0c)  (e  • 


-E 


-E: 


(fe  X  e  )]  -  (e  •  ^e)  {rc  •  ?c)}  («  • 


'/8=' 


f  [V?e-(reXe)](fe-gc) 


,.  [?c  •  (fe  X  e  )]  (fe  • -0c)  {e-^c) 

®e  (£7)^»*^sin^sin/3' 


and 


I  *e(J:)  r2sin^sm/3'J 


(&)^’*^sm/3sin/3'J 
j  (e  •  -0c)  (fe  “  5c)  (e  •  ^  j 
®e  (^)^»'^sin)0sm/3' 

+j;.  [g~c“(^exe)](fe.)9c)  (e-jgp 

®e  (&)^’*^sin^sin^'  J 


(338) 


(339) 


^  (e  •  0c)  (^e  •  ?c)  (e  •  0  c) 

[?c.(feXf)](fe.^c)(e-0Ol 

/  „  V  2 

®e(£:)  »-2sm/?sin^' 

which  are  found  using  (308),  (321)  and  (330)  in  conjunction  with  (336)  to  determine 
the  order  of  the  zeros.  These  can  now  be  substituted  into  (303)  and  (331)  and 
integrated.  It  is  important  to  note  that  the  terms  that  are  proportional  to  odd 
powers  of  Xe  will  integrate  to  zero.  Therefore,  the  soft  polarized  diffracted  held  is 


^(p)  =  j.{i?(p)+23(p)}+a{j„*(p)+r/(p)} 
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+  f,{Ki(P)  +  K‘,(P)} 


(340) 

where  the  soft  polarized  diffraction  integrals  are 


JI(P) 

—  00 

(341) 

II(P) 

(342) 

JSiP) 

(343) 

3!(P) 

—  00 

(344) 

Kl(P) 

—  00 

(345) 

K-,{P) 

—00 

(346) 

A;(a;e)  = 

(fe-^c)  D,(Q’) 

(347) 

(£:)»’^sin^sin;0' 

[iic  •  (re  X  e )]  (fe  •  ^c)  (e  •  -0  c)  D,{Q’) 

^4i^e)  = 

®e  {^)  ^ 

+ 

»C  (e  •  -^c)  (re  •  ^c)  (e  •  ^  ;)  r,(Q') 

(348) 

®e  (^)r3sin/3sin/?' 

Boise,)  = 

W) 

(349) 

(£:)  r® sin ^ sin/?' 

[^c  •  (re  X  e  )]  (fe  •  Sc)  n„(Q') 

B^se,)  = 

®'  (^)r3sin/3sin/?' 

+ 

-  [Sc  •  (fe  X  e  )]  (fe  •  ■0c)  5,((?') 

®'  (^)r3sin/?sin/?' 

+ 

-•Sc  {  [0c  •  (fe  X  e  )]  -  (e  •  ^c)  (fe  '  «c)} 

el 

B.(Q') 

(£)resm/3sm^' 

(390) 
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d;(x,)  = 


DsiQ') 

{£:)  ’•^sinySsinyS' 


(351) 


Sc  (e-‘0c)  (^e-?c)  (e’-^c)  -PaCQO 

®e  (£j)r3sin/3sin/3' 

[?, .  (fe  X  e )]  (fe .  )9c)  (e-^0  P,((?0 


(352) 


"  (^)r3sin^sin/3'  ^  ^ 

are  the  amplitude  functions  of  these  diffraction  integrals.  This  same  procedure  is 
now  used  to  determine  the  hard  polarized  diffracted  field.  The  hard  polarization 
incremental  diffracted  electric  field  is  given  by 

dSiix,)  =  E‘(Q')-$'-fD,{Q’)—[-^]dx. 


=  {»« •  [^'(»)  •  ^  }  (I;)  ^ 


+  (353) 

where  h{xe)  is  the  phase  function  of  the  diffraction  integrals  as  given  in  (332).  There¬ 


Dh{Q') 

27rr 


fore,  using  (308),  (319)  and  (327)  we  find  that 


s,.[i‘(O)-'0'-0] 


xl  <  -E\ 


+ 


[?c>(fexe)]  (e.yg;) 
.  [sc-jre  X  e)]  (e-^c)] 


(354) 


"I  J 

where  (336)  has  been  used  to  determine  the  order  of  the  zeros.  Similarly,  we  find  that 

..  r-  ..  f  .  Sc(e-V?c)  (e-i^c)  1 


(355) 


+  xU-E] 


®e(^)  ’•sin^sinyS'J 
„•  ac  (e-'0c)  (e-'^c) 


I  (^J  ’•sin^sm/3' 


121 


(356) 


+ 


+ 


+ 


».2  / 
®e  < 


^‘ase  (^)%sm/3sin/3'J 
_^,  [^c»(fexe)](e-^;)l 

®e  {£;y^sm0sm0'  J 

[^c-(rexe)]  ^ 


which  are  found  using  (308),  (319)  and  (327)  in  conjunction  with  (336)  to  deternune 
the  order  of  the  zeros.  These  can  now  be  substituted  into  (304)  and  (353)  and 
integrated.  It  is  important  to  note  that  the  terms  that  are  proportional  to  odd 
powers  of  Xg  will  integrate  to  zero.  Therefore,  the  hard  polarized  diffracted  field  is 


ii{p) = +  ic5(P)} 

(357) 

where  the  hard  polarized  diffraction  integrals  are 

—  oo 

(358) 

oo 

J‘(P)  =  j 

(359) 

KS(P)  =  J cS(x,)ei^Mdx. 

(360) 

Ki(P)  = 

—  OO 

(361) 

and 

N  [Sc  •  {Te  X  e )]  Dh{Q') 

(362) 

Bi'ix)  W) 

'  -  x| 

(363) 

(364) 

ri-ix  1 

'  “  *2  (£)r^sm^sm;3' 

(365) 
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are  the  amplitude  functions  of  these  diffraction  integrals.  The  soft  and  hard  polar¬ 
ized  diffracted  field  integral  equations  must  be  asymptotically  reduced  on  the  lit  and 
shadow  sides  of  the  caustic  in  order  to  obtain  a  caustic  corrected  UTD  solution. 


3  The  Uniform  Asymptotic  Expansion  of  the  Diffracted 
Field  Integral  Equations  in  the  Caustic  Lit  Re¬ 
gion 

Although  the  diffracted  field  integral  equations  derived  in  Section  2  can  be  numerically 
integrated  to  predict  the  field  diffracted  by  a  curved  edge,  it  is  advantageous  to  obtain 
closed  form  expressions.  One  way  to  accomplish  this  is  to  asymptotically  expand  the 
integrals  at  high  frequencies.  This  section  is  devoted  to  the  asymptotic  expansion  of 
the  diffracted  field  integral  equations  for  the  lit  side  of  the  caustic. 

In  the  caustic  lit  region,  there  are  assumed  to  be  three  symmetrically  located 
diffraction  points  as  shown  in  Figure  38.  This  occurs  because  of  the  assumed  symme¬ 
try  of  the  edge,  source  direction  and  observation  location.  The  uniform  asymptotic 
expansion  derived  in  Section  2  of  Appendix  B  can  be  utilized  when  these  diffraction 
points  are  nearly  coincident  with  these  assumptions  in  mind. 

As  explained  in  Section  1  of  Appendix  B,  if  an  integral  has  three  real  stationary 
phase  points  then  fi  =  —rj  where  fi  =  sgn  {h'''(xc)}  and  r]  =  sgn{h“(xc)}-  It  is 
also  easily  shown  using  (753a)  and  (764a)  of  Appendix  D  that  the  value  of  the  phase 
function  is 

fc(®c)  =  -Sc  (366) 

at  the  central  stationary  phase  point  and  using  (756a)  and  (765a)  of  Appendix  D  that 
the  value  of  the  phase  function  is 

M®nc)  =  -n*re(Qnc)-Snc  (367) 


at  the  non-central  stationary  phase  points.  The  argument  of  the  transition  functions 
becomes 


y/2k[-s'^  •  fe(Q„c)  -  S„c  +  Sc] 


(368) 
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Figure  38:  Caustic  Kt  region  diffracted  ray  geometry  for  the  scattering  by  a  flat  plate 
with  a  curved  edge. 
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using  these  in  (626)  in  Appendix  B  and  the  fact  that  fi  =  -rj.  Also,  from  (753c) 
and  (764c)  of  Appendix  D  the  second  derivative  of  the  phase  function  is 


h”(*c) 


1  1 


(369) 


at  the  central  stationary  phase  point  and 

7/  =  sgn  {^"(jCc)}  =  -  sgn  I 


AQA. 


Sc  [p'^iQc)  +  «c] 


1 


(370) 


is  the  value  of  Tj,  From  (756c)  and  (765c)  of  Appendix  D  the  second  derivative  of  the 


phase  function  is 


h^\^nc)  =  -sin^/3„c 


’J_  1 

P^{Qnc\ 


(371) 


at  the  non-central  stationary  phase  points.  The  only  remaining  quantities  to  be 
determined  axe  the  values  of  the  amplitude  functions  of  the  integrals  evaluated  at  the 
central  and  non-central  stationary  phase  points. 

The  first  six  derivatives  of  ye  are  required  in  order  to  evaluate  the  amplitude 
functions  of  the  diffraction  integrals  at  the  central  stationary  phase  point.  This 
is  accomplished  by  differentiating  the  Taylor  series  form  of  ye  given  in  (309)  and 
evaluating  them  at  ®e  =  ®c  =  0  to  obtain 


Velq 
dye 
dxe 
d?ye 


dxl 

d^ye 


dxl 

d'^ye 


dxl 

d^ye 


dxl 

dxl 


0 

0 


02  =  KgiQc) 


0 


0-A  =  Hg{Qc)  +  3/cJ(C?c) 


0 


ae  =  Kl''{Qe)  +  ZiKl{Qe)Kl\Qe)  +  i5Kl{Qe) 


(372a) 

(372b) 

(372c) 

(372d) 

(372e) 

(372f) 

(372g) 
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which  axe  also  the  coefficients  of  each  term  in  the  series  using  the  definition  of  the 
Taylor  series.  Next,  the  common  factor 


Ds(Q') 

{£:)  ’'^sin^sin/3' 


(373) 


can  be  observed  in  the  amplitude  functions  of  the  soft  polarization  diffraction  integrals 
of  (347)  through  (352).  This  can  be  evaluated  at  the  central  stationary  phase  point 
as 

^,(*4  =  \  D.(Q,)  (374) 

using  (767a),  (776a)  and  (779a)  of  Appendix  D.  The  remaining  portions  of  the  am¬ 
plitude  functions  are  found  by  substituting  (336)  into  (347)  through  (352)  and  taking 
the  limit  as  Xe  — >  0.  This  results  in 


A5(®c) 

^4(®c) 

■®o(®c) 

Cj'Cx.) 


D.m 


3  i>.m 

[<(9.) + 3«;(<?.)]  - 


sin  tpc  sin  V’c 

^IpUQc) 


12sj 


D.{Qc) 


-  {pAQo)  -  Sc  COS  V>c}  sin  V>c  sin  TT  n 


(375) 

(376) 

(377) 

(378) 

(379) 

(380) 


where  repeated  use  of  I’Hopital’s  rule  and  (372)  have  been  used  to  determine  these 
limits.  Similarly,  the  common  factor 


MQ') 

(A) 


(381) 


can  be  observed  in  the  amplitude  functions  of  the  hard  polarization  diffiaction  inte¬ 
grals  of  (362)  through  (365).  This  can  be  evaluated  at  the  central  stationary  phase 
point  as 


(382) 
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using  (767a),  (776a)  and  (779a)  of  Appendix  D.  The  remaining  portions  of  the  am¬ 
plitude  functions  are  found  by  substituting  (336)  into  (362)  through  (365)  and  taking 
the  limit  as  Xe  —*  0.  This  results  in 


iS(j!c)  = 

B‘(X,)  = 


-  sin  if>c 

PgiQc) 

sin  V’c  sin  ij}'^ 


MQc) 


ej(x.)  =  -^dh{Qc) 


(383) 

(384) 

(385) 

(386) 


where  repeated  use  of  I’Hopital’s  rule  and  (372)  have  been  used  to  determine  these 
limits.  Next,  the  amplitude  functions  of  the  soft  and  hard  polarization  diffraction 
integrals  can  be  evaluated  at  the  non-central  diffraction  points.  A  result  that  is 
useful  in  simplifying  these  expressions  is 


e((3„c)  = 


KQr^) 

(JL\  ^ 


(387) 


from  (315)  which  is  the  unit  edge  vector  evaluated  at  the  non-central  stationary  phase 
points.  Therefore,  the  amplitude  functions  of  the  soft  polarization  diffraction  integrals 
of  (347)  through  (352)  are 


Snc  Pnc 


(388) 


xLA. 


7./  ^  [^e(Qnc)  •  ^c]  [e{Qnc)  •  “0 ']  ~  ^ 

{^c>[r-;(Qnc)  Xe(Q„,)]}[fe(Qn,).^j  [i{Qnc)’^'c]  ~ 


+ 

B’oiXnc)  = 


^ncSin^i^nc 


D.iQnc) 


D.(.Q„) 


(389) 

(390) 


_4  5«/_  ^  •  [fe(Qnc)  X  e((5nc)]}  [**e(Qnc)  •  Sc]  ~ 

®nc"4(®nc)  ~  .3  -:-2  o 


s^sin^/9„ 


(Qnc) 


Sc 


+ 


[reiQnc)  X  e  (Qnc)]}  “  ^{Qnc)  *  3c]  [re{Qnc)  '  sj)  ~ 
sLsin2/3„c 
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(391) 


+ 


{5c  ’  [re{Qnc)  X  e  ((gne)]}  \fe{Qnc)  ’  ~ 


®L<5|(Snc)  = 


[e(Qnc)-^e]  [e((gnc)-'^j 
a3  sin^/^nc 


I>c(<?nc) 


(392) 


®nc  ^K^nc) 


<Sc  [e  (Qnc)  •  ■0c]  [re{Qnc)  '  %]  [c  (Q„c)  *  c]  7^ 

-  o  -  O  >.v 


(<3nc) 


+ 


{5c  •  [TeiQnc)  X  6  (Qn,)]}  [UQuc)  '  ^  (<?nc)  '  0  j  ~ 


I>.(C?nc) 


(393) 


slcSm^^nc 

at  the  non-central  stationary  phase  points  and  the  amplitude  functions  of  the  hard 
polarization  diffraction  integrals  of  (362)  through  (365)  are 


x. 


lA^A^nc)  =  Dh(Q„) 

Snc  Sin  Pnc 


= 


-L^h\Qnc) 


^Lsin^/3nc 


DhiQnc) 


2  nh(  \  _  {^c‘  K(^nc)  X  e(C?„c)]}  ~ 

®ncC'2(®nc)  -  sin^ /3„, 


(394) 

(395) 

(396) 

(397) 


at  the  non-central  stationary  phase  points.  This  completes  the  deri'vation  of  the 
quantities  required  to  obtain  uniform  asymptotic  expressions  for  the  diffracted  field 
on  the  lit  side  of  the  caustic.  It  is  now  necesseiry  to  substitute  these  quantities  into 
the  uniform  asymptotic  expansion  derived  in  Section  2  of  Appendix  B  and  simplify 
the  result  to  obtain  a  standard  ray  optical  form. 

The  uniform  asymptotic  expansions  of  the  soft  and  hard  polarized  dii&action  inte¬ 
grals  can  now  be  performed  since  all  the  necessary  quantities  have  been  determined. 
To  make  the  uniform  asymptotic  expansions  easier  to  simplify  we  can  recognize  that 


^|h«(Xc)|  [p'^iQc)  +  8c] 

at  the  central  stationary  phase  point  smd 

g-jT)vl4  - 

^  »nc 


P'^iQc) 


(398) 


8nc  {p^{,Qnc)  “t"  ^nc] 


(399) 
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at  the  non-central  stationary  phase  points.  The  diffraction  coefficients  and  caustic 
distances  at  and  are  equal  because  of  the  assumed  symmetry  of  the  geometry. 
Therefore,  D,,h{Qnc)  =  Dt,h{Qtc)  =  p‘*(Q„c)  =  p'^iQtc)  =  /(<3nc) 

will  be  used  for  the  remainder  of  this  chapter.  We  begin  here  by  determining  the 
uniform  asymptotic  expansions  of  the  soft  polarization  diffraction  integrals  of  (341) 
through  (346).  It  is  assumed  here  that  the  function  A^lxe)  is  a  smooth  and  slowly 
vaxying  function  of  Xe  near  the  stationary  phase  points  and  k'^1.  This  allows  us  to 
use  the  uniform  asymptotic  expansion  (657)  of  Appendix  B.  Therefore,  the  uniform 
asymptotic  expansion  of  (341)  is 


where  (375),  (388),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  A^lxe)  is  a  smooth  and  slowly  vaxying  function  of  Xe  near 
the  stationary  phase  points  and  k'^  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (342) 
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IS 


l^”(®c)|  J 


-Sc2E\ 


fe5/2 

i.  i  /I  {  y^)  ^■“'*->^~(U,4) 


^  ^  ^  2k^pl{Q,) 


xD,{Qc)U^ 


,,){ 


p^iQc) 


»c  [p^iQc)  +  Sc. 


I  S/2 


c“i*«c 


+  #(Q+  )  •  I -if' Sc  ^  '  K(<?nc)  X  e  (^nc)]}  [rdQnc)  ’  ^c] 


Sc  (Qnc)  ■  V’cj  ^e{Qnc')  ’  V’cj 


s^sin/3„c 

x2},(Q„c)^nc(^j2?>4) 


P"(Qnc) 


^nc  nc  )  +  ^nc] 


+  g(g^)  •  \-0'i.  ^  ’^‘1 

V  «^sm^„c 


+ 


-So  [e  (Qnc)  •  i’c]  [re(Qne)  ’  j’c] 


s^sm/3„c 

Xl>.((?„c)r„c(67?,4) 


1 


AQnc) 


(401) 


^nc  [p^(Qnc)  “h  ^nc] 

where  (376),  (389),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  jBo(®e)  is  a  smooth  and  slowly  varying  function  of  Xe  near 
the  stationary  phase  points  and  A  ^  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (343) 


is 


e^^*(^=)Tc(e,0) 


si  [e  (Q„c)  •  ^c]  [e  (C?„c)  •  0  c] 

■Do(a5„cjy  ^ 


2x 


{e-i»pr/4  I 
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xrnc(^5^»0) 


^nc  w<?  nc  )  +  ^nc] 


^-iksnc 


*  ^■w.ii-w.('‘if'!i:^^)w 


Xj’n.(«.’?.'>) 


/Wne) 

^nc  \f^{Q  nc  )+>. 


(402) 


where  (377),  (390),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  Bl{xe)  is  a  smooth  and  slowly  varying  function  of  Xg  near 
the  stationary  phase  points  and  A  >  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (344) 


AJ-(P)  ~  e^“f.)T.(«,4) 


-27r  lVI^“(»c)lj 

5  2  E‘  /,4  5./  \\,l^ 


xT.(J,4) 


,«){ 


/(Oc) 

[p^iQc)  +  Sc] 


1  V  ^nc  P«c 


-Sc  ({^c  •  [re(Qne)  X  e((gnc)]}  -  [c  (Qne)  ’  P^  [^e(QTK:)  '  ^c]) 

s^sin^„c 

-  {Sc  •  [fe(gnc)  X  e{Q„c)]}  [veiQnc)  '  \  ^  , 

sl,smP„c  jDs{Qnc) 
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xTr^(^,7f,4)  ].  - 1 

J  ^  ^nc  \p  (Qnc)  4“  ^nc] 

-  \  /  S'  3  (  ^  ®  (^nc)]}  [^e(Qnc)  '  ^c] 

ncJ  ’  1  ~H  He  I  5  :  ^ 

[  V 

-.e  ({^c  •  [TeiQnc)  X  e  ((?„,)]}  -  [g (Q„,)  •  [r;(C?nc)  »  ^c]) 

4cSm/3„c 

—  {^c  •  [j’e(Qnc)  X  e  ((Jnc)]}  [?’e(^?nc)  ‘  '0c]  \  r.  \ 

4cSiB/0„c  j 


i?a(0nc) 


/(gn.) 

^nc  [/^^(Qnc)  4”  ^nc. 


(403) 


where  (378),  (391),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  C|(xe)  is  a  smooth  and  slowly  varying  function  of  Xe  near 
the  stationary  phase  points  and  k  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (345) 


^.KUP)  ~  ^ 


/  P'^iQc)  1  ^  -jksc 
Uc[p"(C?c)  +  Sc]/ 


D,{Qc)Z{C,2) 


XT„c(^5?7}2) 


J  ) 

Sne  \p'^{.Qnt^  d"  Sne] 


D,{Q^) 


D,{Qnc) 
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(404) 


xTnc(^5  Vi  2) 


/(On.) 


\  ’ne  [(’''(One)  +  Jut) 


-jkSn 


where  (379),  (392),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  Cl{xe)  is  a  smooth  and  slowly  varying  function  of  Xe  near 
the  stationary  phase  points  and  fc  ^  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (346) 


IS 


+^C  2 

{g-jT,7r/4  I 

TFmI 


v=?.v^  ^  f  .?/ f  3«c  {paiQc)  -  Sc  cos  V'c}  sin  V’c  sin  V'' ^ 
^  ) 

AQ.) 


XDs(Q: 


02;k,4)||. 


,F 


~-}ktc 


[p^iQc)  +  ^c] 

/ Sc  [e(Cgnc)  •  ij’c]  [rejQnc)  ‘  Sc 
4cSin/3„c 


+ 


{Sc  •  [Te(Qnc)  X  ^{Qnc)]}  [’'e(QTic)  *  ^  ^ 

5  •  o  I 

«ncSm/3„c  J 


xr~(f,i!,4) 


P4(0„t) 


^  «nc  [p^(Qnc)  +  Sne] 

{Jt  • )?;(«.«)  X  e  ((2„)j}  [f.(Q„t)  •  a] 


+ 


xTnc(^,?/,4) 


sin  fine 


D,(Q^) 


/(Ont) 


^  ^nc  [p^(^nc)  H“  ^nc. 


(405) 


where  (380),  (393),  (398)  and  (399)  have  been  used  to  simplify  the  result.  Next,  it  is 
necessary  to  determine  the  uniform  asymptotic  expansions  of  the  hard  polarization 
diffraction  integrals  of  (358)  through  (361).  It  is  assumed  here  that  the  function 
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is  a  smooth  and  slowly  varying  function  of  ®e  near  the  stationary  phase  points 
and  ^  1.  This  allows  us  to  use  the  uniform  asymptotic  expansion  (657)  of  Ap¬ 
pendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (358)  is 


1  -V.  .  VS  / 


2x-"-'  *3/2  lyjX 
27r 

,~jr7x/4 


r;7r/4  \  " 


gifcM^c)2;(^^2) 


2t 

k 


E‘{Qc) 


1 


yi^"(®nc)i 


sinV’c  ^ 


^j^PgiQc) 


Dh{Qc)Tc{^ 


.2)} 


/(Qc) 


3|3/2 

1/ 


[^‘^(Qc)  +  Sc] 

-{?c-[r-;(Qnc)xe(C?„,)]}^ 

s„csm/0„c  , 


DhiQnc) 


P^iQnc) 


xr„c(^ 


{-f  (^ 


^nc  [p"(^?  nc)  “h  ^nc] 

-{?c-[fe(Qnc)  X  e(Q,„)]}' 


s„csini0„ 


DhiQnc) 


AQnc) 


Snc  [p‘^iQnc)  "I"  Sfi 


a-}k3„ 


(406) 


where  (383),  (394),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  (®e)  is  a  smooth  and  slowly  var3ring  function  of  Xg  near 
the  stationary  phase  points  and  ^  1.  This  allows  us  to  use  the  uniform  as3rmptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (359) 
is 


J  c-3rtT/4  I 

I  \/|A  "{»»«)  1 1 


e^‘'‘(*"->T„(e,i,,2) 
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AQc) 


^jkSc 


~  E\Qc) 

+  ^'(Oi)  •  ^‘^^”1'^*'  1  MQ«c) 


if 


8„cSinfir> 


2) 


/(On.) 


^  ^nc  [/^^(Qnc)  “h  ^nc] 


^-jkSnc 


Xrnc(^?^)  2) 


/(On.) 


o-jA^«n 


(407) 


^  ^nc  [p^(Qnc)  + 

where  (384),  (395),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  Co{xe)  is  a  smooth  and  slowly  varying  function  of  Xe  near 
the  stationary  phase  points  and  k  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (360) 
is 


«.[?(0»,)-g.][?(0n.)-g(]^ 


2t 


'o(»nc)y^ 


{Q-jriv/A  I 

~  £''(O.)-{-?f.C/.(O.)T.({,0)} 

+  F(e)-|-V’>c 

xrnc(^7’?>0)| 

+  #(g-).{-^'^. 


\  ' 

nc^finc  j 

/(On.) 

\  S„c  [/ 
(-Sc 

^{Qric)  +  «nc] 
6  (Qnc)  '  ^c]  ^ 

\  Sc  Ip’^iQc)  +  Sc] 
EhiQnc) 


fl„csin/3„ 


Ehi_Qnc) 
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(408) 


where  (385),  (396),  (398)  and  (399)  have  been  used  to  simplify  the  result.  It  is  now 
assumed  that  the  function  (®e)  is  a  smooth  and  slowly  varying  function  of  Xe  near 
the  stationary  phase  points  and  fc  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (657)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (361) 


•t  ...■  1 


^,KUP)  ~ 


^ikh{xc 


Ih^HXr 


E\Qc) 


P"(Gc) 


Sc  COS  ■0c 

^j^PgiQc) 

n3/2 


Dh{Qc)TcU, 


.^c  \P^{Qc)  +  3c]^ 


+  i’(c?+)- 


Sfic  sin  Pnc 


Dh{Qnc) 


xTnc(^5^5  2) 


2)  I  _ P  (Qnc) _  g-J*... 

'  j  l/(<3nc)  +  »»] 

/_0'0  /-  {0c  •  [re(<?nc)  X  e((?nc)]} 
\  SncSin/?„, 


E^(Qnc) 


(409) 


(409) 

where  (386),  (397),  (398)  and  (399)  have  been  used  to  simplify  the  result.  This 
completes  the  uniform  asymptotic  expansion  of  the  diffracted  field  integral  equations 
on  the  lit  side  of  the  caustic.  However,  it  is  advantageous  to  rewrite  these  results  in 
a  more  convenient  and  standard  form.  Therefore,  adding  (400)  through  (409)  and 
regrouping  the  terms  we  obtain 


E'‘(P)  ~  P(Q,)-D(Q,) 


AQc) 

't  IP^(Qc)  +  ic 
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+  B‘(Q,)-V 


\(Q^)  { 
^W.){ 


/(W 


If^iQc)  +  «c] 


x3/2 

1  ' 


nd{ri  \  ^ 


+  «‘(Qc) 


+  E\Qt)  •  D  iQt) 


P^iQc) 


[p'^iQc)  +  Sc. 


1 


-jksc 


,-jk»c 


^  5nc  [p^(Qnc)  4*  Sfic 


+  B'((3- )  •  D  {Q-J 


/(<?») 


o-i*<n 


(410) 


^  ^nc  [^^(Qnc)  “I"  ^nc] 

wHch  is  in  a  dyadic  form  similar  to  the  UTD.  The  first  three  terms  of  this  expression 
represent  the  field  diffracted  by  the  central  diffraction  point  and  the  dyadic  diffraction 
coefficients  are 

7\Qc)  =  -0' ^cD,{Qc)TcU,0)  -‘$'ADh{Qc)TcU,0)  ,  (411) 


(412) 


and 


vAQc)  =  -i’ 


T  /  -r  (^sl  {paiQc)  -  Sc  cos  V>c}  sin  V’c  sin  i>'^\ 

[ - ^W)  j 


(413) 


where  Dt,h{Qc)  are  tfic  UTD  half-plane  diffraction  coefficients  and  rc(^,m)  are  the 
caustic  correction  transition  functions  given  by  (655)  of  Appendix  B.  Also,  the  last 
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two  terms  of  (410)  correspond  to  the  two  non-central  diffraction  points.  The  dyadic 
diffraction  coefRcient  for  these  terms  is 


D  (Qnc)  =  -$'B.{Oi^siQnc)-i^'^u{ODhiQnc) 


(414) 


where  Da^h{Qnc)  are  the  UTD  half-plane  diffraction  coefficients.  Also,  the  nniform 
polarization  vectors  B„(^)  and  are  given  by 


sic  sin  ^nc 


2) 


-  {$c  ■  [rejQnc)  X  e{Qnc)]}  [^e(Qnc)  "  fic] 
sic  Sin^nc 

[c(Qnc)  'V^c]  [^e(Qnc)  *  V^c]  rr  f  t 


slcSin^nc 


+ 


— {V’c  •  [re(Qnc)  X  6  (Q„c)]}  rr  t  f  -  a 

+ - ilISS - 

Sc  [e(Qnc)  *  ^c]  [^eiQnc)  *  ^c] 

+  - sT^ - 

{^c  •  [re(Qnc)  X  e(Q„e)]}  [rejQnc)  •  5c] 


r„c(6»?,4) 


4cS™/5nc 

{Sc  •  [re(Qnc)  X  e(Q„c)]}  ]fe{Qnc)'^^ 


Tnc{C'lVi^') 


sl^smPnc 


+  i^c 


7-  f-<Se  [e(Qnc)-‘0c] 


«Lsin^„c 


2) 


.5.sin,3„  ■'n.C£,>;.4) 

{S',  ■  X  e((?„.)l}  [f.(Cnc)  -ft] 


^n.(£t^)4)j 


(415) 


»«({) 


= 


X  ?((?.»)]} 

Sfic  Sin  ^fic 


.>1.2)} 


+  0c 


2  fac[e(gnc)-'0c] 


a„cSin/S„ 
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+ 


^  I -Sc  [e(Qnc)  -i^c] 


:Sm^„ 


Tnc{CiVi 


^  -  {^c  •  [reiQnc)  X  e  (Qne)]} 
Snc  sin  /3iic 


(416) 


respectively,  where  Tnc{C,‘>],rn)  axe  the  caustic  correction  transition  functions  given 
by  (656)  of  Appendix  B.  These  uniform  polarization  vectors  axe  used  because  the 
variation  of  the  caustic  correction  transition  functions  prevents  us  from  recombining 
the  components  of  the  typical  and  if)  polarization  vectors.  However,  in  this  form 


,  Km  B„(0  =  (417) 

1^1—00 

and 

lim  #„(O  =  '0  (418) 

|€i-400 

which  means  that  the  uniform  polarization  vectors  reduce  to  the  standard  polarization 
unit  vectors  away  from  the  caustics  and  axe  modified  near  the  caustics  to  obtain  the 
proper  field  value. 


4  The  Uniform  Asymptotic  Expansion  of  the  Diffracted 
Field  Integral  Equations  in  the  Caustic  Shadow 
Region 

The  field  in  the  caustic  shadow  region  must  also  be  determined  in  order  to  obtain  a 
uniform  asymptotic  expression  for  the  diffraction  by  a  curved  edge.  This  asymptotic 
expansion  must  be  performed  in  a  way  that  is  consistent  with  the  expansion  on  the 
lit  side  in  order  to  obtain  a  uniform  result.  This  section  is  devoted  to  the  asymptotic 
expansion  of  the  diffracted  field  integral  equations  for  the  shadow  side  of  the  caustic. 

It  is  assumed  that  only  one  diffraction  point  exists  in  the  caustic  shadow  region  as 
shown  in  Figure  39.  This  occurs  because  the  two  non-central  diffraction  points  have 
coalesced  and  disappeared.  The  uniform  asymptotic  expansion  derived  in  Section  3 
of  Appendix  B  cein  be  utilized  with  these  assumptions  in  mind. 

As  explained  in  Section  1  of  Appendix  B,  if  an  integral  has  one  real  stationary 
phase  point  and  two  complex  conjugate  stationary  phase  points  then  ft  =  r)  where  ft  = 
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sgii{A‘^(xc)}  and  t}  =  sgn{/i“(a;c)}.  It  is  also  easily  shown  using  (753a)  and  (764a) 
of  Appendix  D  that  the  value  of  the  phase  function  is 

(«9) 

at  the  central  stationary  phase  point  and  using  (756a)  and  (765a)  of  Appendix  D  that 
the  value  of  the  phase  function  is 

h{x„c)  =  -s'c  •  TeiQnc)  “  Snc  (420) 


at  the  non-central  stationary  phase  points.  The  argument  of  the  transition  functions 
becomes 


e  = 


y/2k[-s'^-fe{Qnc)  -  Snc  +  Sc. 


(421) 


using  these  in  (626)  in  Appendix  B  and  the  fact  that  fi  =  Also,  from  (753c) 
and  (764c)  of  Appendix  D  the  second  derivative  of  the  phase  function  is 


^  1 
‘c  P^iQc), 


(422) 


at  the  central  stationary  phase  point  and 

, = =8”  {»"(*=)}  =  - 

is  the  value  of  t].  The  values  of  the  amplitude  functions  of  the  diffraction  integrals 
where  determined  in  Section  3  and  are  found  in  (375)  through  (380)  for  the  soft 
polarization  diffraction  integrals  and  (383)  through  (386)  for  the  hard  polarization 
diffraction  integrals.  The  only  remaining  quantities  to  be  determined  are  the  values 
of  the  the  second  derivatives  of  the  amplitude  functions  of  the  integrals  with  respect 
to  ®e  evaluated  at  the  central  stationary  phase  point. 

It  is  now  necessary  to  determine  the  second  derivatives  of  the  amplitude  functions 
of  the  diffraction  integrals  with  respect  to  Xg.  These  derivatives  will  be  divided  into 
different  elements  in  order  to  use  the  chain  rule.  First,  the  values  of  the  vector 
products  in  (336)  evaluated  at  the  central  stationriry  phase  point  is 


®e 


Oc 


«g(Qc)sinV’' 


(424a) 
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e  •V’c 


iQc 


Qc 


Te'i’c 


Sc  •  (fe  X  e ) 


V>c  •  (^e  X  e ) 


«s(Qc)sinV'c 

COsV'c 


-Kg((3c)sinV'c 


”2 


-Kff(Qc)cOsV’c 


(424b) 

(424c) 

(424d) 

(424e) 

(424f) 


•  (^e  X  e )  -  (e  •  ^c)  {n  •  S^c) 


“  ”  ^  (^c)  “b  3kj((3c)]  cos '0c  (424g) 


12 

■where  I’Hopital’s  rule  and  (372)  ha've  been  used  to  determine  these  'values.  It  is  also 
necessary  to  determine  the  second  derivatives  of  these  quantities  •with  respect  to  Sg- 
Differentiating  twice  with  respect  to  Xe  we  obtain 

)  +  3#cJ(Qc)]  sin  0'  (425a) 

)  +  3/c^((5c)]  sin  -ipc  (425b) 

c)  +  3kJ((?c)1  cos  0c  (425c) 

(425d) 
(425e) 
(425f) 


dP 

fe-0; 

dxl 

1  *e 

dP 

f  e-^c 

dxl 

[  ®e 

K  '  Sc 

d^l  1 

re  •'0c 

dxlX 

®e 

/  '  (^e  X  S  ) 

dxl 

1  a 

•2 

'e 

\  0c  •  (re  X  e ) 

I  J.2  ~  12  +  ^''s(^c)]  sin  0c 

}|^  ^  +  3Kp((?c)]  sin 0c 

}  1^  ^  ~l  h +  3k®(Qc)]  cos i^c 


^  f  0c  •  (re  X  e  )  -  (e  -  ^c)  (^e  •  Sc) 


dxl 


1 


Qc 


^  [<(<?-)  +  34kJ((5c)k"((?c)  +  45K5(g,)]  cos 0c  (425g) 
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where  the  Taylor  series  form  of  ye  of  (309)  is  used  to  determine  the  series  form  of  the 
function  to  be  differentiated.  The  common  factor 


Hxe)  = 


D.m  D.m 


where 


'P»{Q')  =  sin  /3  sin  /?' 


is  now  differentiated  twice  with  respect  to  Xe  to  obtain 

-e-W4  . 


mQc)  = 


y/^irk 


(426) 


(427) 


(428) 


where 


^  ”(Qc)  =  -Sc  fi^(Qc)  (sin^  V’c  -  cos^  V’c)  +  2p^(Qc) 

-Sepg(Qc)  cos 


(429) 


for  the  soft  polarization  integrals.  Also,  the  common  factor 

^  g>((?-)  D,(Q') 

(^)  ^  ^^(^0 

where 

Th{Q')  =  ^ 

is  now  differentiated  twice  with  respect  to  ®e  to  obtain 

=  («2) 

where 

'Ph\Qc)  =  Kg(Qc)  (sin^  V’c  -  cos^  V’c)  +  pliQc)}  (433) 

for  the  hard  polarization  integrals.  The  amplitude  functions  of  the  soft  polarization 
integrals  of  (347)  through  (352)  are  now  differentiated  twice  with  respect  to  Xe  to 


(430) 

(431) 
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obtain 


dp 


dP 


dP 

^^KQc) 

dP 


<PCiiQc) 

dP 


d^C^iQc) 

dP 


(PAl{xe) 

(«4a) 

«. 

+  Sc  sin^  "00  r  r  „  i 

^  J  r„n//^  \  ,  o^3frt  \1 

y/^k  dxl 

[<(ej + ZK^iQ, 

+  «fl(Qc)sinV>' 

V^irk  dxl 

-5  {ps(Qc)cosV'c 

12s3p2(Q^)  r.  ^ 

xsin^'D,(Qc) 

—  \pgiQc)  COS  V'c  +  Sc  sin^  V’cf  sin  'tb' 

^rs'.'^c/  rc  c  rcj  rc  \  lA>iAV\ 

-j- 

-e-W4 
y/2irk  dx^ 

_e-W4  d^Bl{x^) 

2^«?J 

=  >■”(<3.)  («4c) 

«. 

«. 

)j<((5j+45K»(ej]  _ _ 

\/2irA: 

[<(<3c)  +  34«J(^ 

90^2 

,  -«j7(^c)  K”(^?c)  +  3Kg(C?c)]  sin^  V’c  ^  , 

+  15  {'•[»“« 
-3«?(Q 

6s? 

>c)  +  3Kg(Qc)]  cos  0c 

'c)sinVc}  ^"(Qc)  (434d) 

sin0'J^"(Qc)  (434e) 

(Jc 

[<(«?.)  +  3»JWc)] 

VSttA  dxl 

2Kg{Qc)  [kJ'CQc)  4 
3s? 

+  «s(<3c)sinV’c 

■\/2irk  dxl 

3k?(Qc){scCosV’c  ■ 
12s3 

X  sin  ipc  sin  ^•{Qc) 


+  \  Uc  cos  V»c  -  Pg{Qc)} 


144 


X  smV’csinV>c.?^“(Qc) 


(434f) 


at  the  central  stationary  phase  point  where  ^t^{Qc)  is  given  in  (428)  and  (429), 
Ds{Qc)  is  the  soft  polarization  UTD  half-plane  diifraction  coefficient  and  is 

given  by  (812)  through  (818)  of  Appendix  D.  The  amplitude  functions  of  the  hard 
polarization  integrals  of  (362)  through  (365)  are  now  differentiated  twice  with  respect 
to  Xe  to  obtain 


d^4(Qc) 

dP 


dP 


dP 

d^C^iQc) 

dP 


■\/2vk  dxl 
—  [«^“(^c)  +  3Kg(Qc)]  sin 
Asl 

-  ^«fl(Qc)sinV'c^h”(^?c) 

(fg^(Xe) 


DhiQc) 


\Qc 


y/2nk  dxl 

3s2 


Dnm 


+  «s(Qc)  sin  V'c  sin  V’c  ^h\Qc) 


_e-W4 


-e-^P  d?C^{x,) 


= mQc) 


Qc 


y/2irk  dx\ 

-  [«9  (Qc)  +  3Kg(Qc)]  COS -00 
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-  i  «9(Qc)  cos  V'c  H\Qc) 


Dnm 


(435a) 


(435b) 

(435c) 


(435d) 


at  the  central  stationary  phase  point  where  T^iQ^  is  pven  in  (432)  and  (433), 
Bh{Qc)  is  the  hard  polarization  UTD  half-plane  diffraction  coefficient  and  is 

given  by  (812)  through  (818)  of  Appendix  D.  This  completes  the  derivation  of  the 
quantities  required  to  obtain  uniform  asymptotic  expressions  for  the  diffracted  field  on 
the  shadow  side  of  the  caustic.  It  is  now  necessary  to  substitute  these  quantities  into 
the  uniform  asymptotic  expansion  derived  in  Section  3  of  Appendix  B  and  simplifying 
the  result  to  obtain  a  standard  ray  optical  form. 
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The  uniform  asymptotic  expansions  of  the  soft  and  hard  polarized  diffraction  inte¬ 
grals  can  now  be  performed  since  all  the  necessary  quantities  have  been  determined. 
To  make  the  uniform  asymptotic  expansions  easier  to  simplify  we  can  recognize  that 


(436) 


(4361 

at  the  central  stationary  phase  point.  We  begin  here  by  determining  the  uni¬ 
form  asymptotic  expansions  of  the  soft  polarization  diffraction  integrals  of  (341) 
through  (346).  It  is  assumed  here  that  the  function  is  a  smooth  and  slowly 

varying  function  of  Xe  near  the  stationary  phase  point  and  fc  1.  This  allows  us  to 
use  the  uniform  asymptotic  expansion  (673)  of  Appendix  B.  Therefore,  the  uniform 
asymptotic  expansion  of  (341)  is 


sa^{P)  ~  s^El^Alix,) 


X  I  ^  ^  [W)  -  <«?(««)] 


'  /«?o) 

,  5c  Ip'^iQc)  +  Sc]  , 


+  E\Qc) 


n\  f  iV-r  <^^2(Qc)  -Ss^sinV'c 

•  r  i-2ip"  —jp—  +  Mv.w 

X  [C((.)-4Kj((?.)]D,(ft))r,((,4)| 


AQc) 


(437) 


I 'c  [/(«.)  +  ».))  '  ' 

where  (375),  (434)  and  (436)  have  been  used  to  simplify  the  result.  Also,  the  function 


C(lc)  is  given  by 


where 


/,«(Q 


i"(y  =  -fr  +  :37^ 


P^iQc) 


(438) 


(439) 
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is  the  second  derivative  of  the  phase  function  given  by  (753c)  of  Appendix  D  and 


K^iO  ) 

h {Ic)  =  [k “(C?c)  -  «s(Qc)]  [cos  V'c  +  cos  V*']  + 

<  T  2 

3  Sc  cos  rpc 

^  "  pAQc)  . 


(440) 


is  the  fourth  derivative  of  the  phase  function  given  by  (753e)  of  Appendix  D.  It  is  now 
assumed  that  the  function  A\{xc)  is  a  smooth  and  slowly  varying  function  of  Xe  near 
the  stationary  phase  point  and  fc  ^  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  as3miptotic  expansion  of  (342) 


1  ~  \ 

sai{P)  1  J\h^Uxc 


eifeM^=)T^(^,4) 


-  pi  J_  I 

27r  2A!’’/2  I 


giA:Mxc)r^(^^6) 


dxl  g 


-^4  {Pg{Q c)  cos  tpc  +  8c  sin^  V’c}  sin 

2AV|(Qc) 


xD.(Qc)r« 


'.({.<)}{ 


p‘‘{Qc) 

Sc  Ifi^iQc)  +  Sc. 


^cj  I  dP 

i35s^  {pgiQc)  cos  ipc  +  Sc  sin^  V’c}  sin  V’c 

X  [c(fc)-4/t|(o,)]i’.W=))r.«,6)| 


Sc  [/(Qc) 


i_V 

)  +  Sc]  j 


(441) 


where  (376),  (434)  and  (436)  have  been  used  to  simplify  the  result.  It  is  now  assumed 
that  the  function  Bo(ze)  is  a  smooth  and  slowly  varying  function  of  Xg  near  the 
stationary  phase  point  and  fc  ^  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (343) 
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IS 


?cJo'(P) 


’'{^^1,  +  i  [c(y-i'>^(w]s««'j| 


~  ^■•WJ-{-^AX)4WT.«,o)}^^-jjgL 

+  m)-{-m(| 


■Pgp’CgJ  ,  ‘I 

^2jk  dP  Sjk 


[c(U-4«^((2j]i),((?,)jr,K,2)| 

J  P^iQc)  \  '  ^-jksc 
1  Sc  [p^iQc)  +  Sc]  J 


(442) 


.  Sc  [p'^iQc 

where  (377),  (434)  and  (436)  have  been  used  to  simpKfy  the  result.  It  is  now  assumed 
that  the  function  B^(xe)  is  a  smooth  and  slowly  varjring  function  of  Sg  near  the 
stationary  phase  point  and  ^  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (344) 
is 


4Jfe2 

4(n  \  '\  V2 
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(443) 


3Ssl  -  si  +  3*J(«e)] } 

96jK> 


X 

X 


I 


[c(/,)  -  4«*(a)]  i>.(«c))  r.({,6)| 

AQc) 


[p^iQc)  “I"  ^c. 


1 


where  (378),  (434)  and  (436)  have  been  used  to  simplify  the  result.  It  is  now  assumed 
that  the  function  C^ixg)  is  a  smooth  and  slowly  varying  function  of  Xg  near  the 
stationary  phase  point  and  k  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (345) 
is 


^cKiiP) 


,4  p. 


eiWC-)  r,({,2) 


T.((A) 


3v/2?f  1 

+  ^  [g(^c)  “  4/C^(Qe)]  ga(®c)| 

,,  f  AQc)  ] 

\sc\p‘^{Qc)  +  ScU 


9 

3/2 


+  E‘(Q,) 


|-  ii'fc  ^ 


j  (isl  dfCKQc)  5smi6csin^' 


dP 


SlPslfim 

X  [c(t)  -  4/tj(e.)]  D,m) 


X 


{ 


/(<?.) 


Sc  +  ‘c. 


1 


5/2 


(444) 


where  (379),  (434)  and  (436)  have  been  used  to  simplify  the  result.  It  is  now  assumed 
that  the  function  C|(xe)  is  a  smooth  and  slowly  varying  function  of  Xg  near  the 
stationary  phase  point  and  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (346) 
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IS 


X  I  ^-^1^  +  n  [‘^'y  -  ^'‘»<‘^'>1 


xfl.(<?.)r,«.4)|| 


Q 

-  / 33^  {pgiQc)  —  Sc  COS  V>c}  sin  V’c  sin 


2fcVKC?c) 

AQc) 


inV'e^ 


Sc  [p’^iQc)  +  Sc] 

m 


I 


-jkse 


+ 


X 


X 


355g  {pg{Qc)  —  Sc  cos -^c}  sin  V'c  sin  V’c 

16ifcVff(^c) 

[C(y  -  4«J(<J,)]  i>,(ft)l  T,«,6)| 


{: 


AQc) 


i) 


7/2 


where  (380),  (434)  and  (436)  have  been  used  to  simpKfy  the  result.  Next,  it  is  neces¬ 
sary  to  determine  the  uniform  as3rmptotic  expansions  of  the  hard  polarization  diffrac¬ 
tion  integrals  of  (358)  through  (361).  It  is  assumed  here  that  the  function  ^^{xg) 
is  a  smooth  and  slowly  varying  function  of  Xg  neair  the  stationary  phase  point  and 
fc  1.  This  allows  us  to  use  the  uniform  asymptotic  expansion  (657)  of  Appendix  B. 
Therefore,  the  uniform  asymptotic  expansion  of  (358)  is 


e>“M  i;((,2) 


“(»c)|J 


'^«27r  2fcs/2 


r.(e,4) 
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+  E\Qc)‘<- 


f  p^m  ] 

l«c[p‘'(C?c)  +  «c]J 


.-jksc 


d!^A^{Qc)  -155^  sin -00 

dP  ^Bk^PgiQc) 


X  [c(y-4K^(e,)]i)»(<3=))T,({,4)| 
p'^iQc) 


I 


i 


(446) 


.  [P^iQc)  "I" 

where  (383),  (435)  and  (436)  have  been  used  to  simplify  the  result.  It  is  now  assumed 
that  the  function  B^ixe)  is  a  smooth  and  slowly  varying  function  of  Xe  near  the 
stationary  phase  point  and  Jfe  >■  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (359) 
is 


d2B2^(Xe) 


dxl 


+ 


12 


E\Qc) 


X 


{ 


\f^{Qc)  +  ^c. 


Qc 

js\  sin  0c  sin 


[C(!.)-4»J(a)]Bj(i.)| 
^)b.W.)T,(S,2)} 


^pHQc 


+  E\Qc) 


[-m( 


3/3  ( M  <^^2{Qc)  ,  5a^  sin 0c sin 0^ 

2jfc2  dP  8fc2p|(<3c) 


X  [C(ic)  -  4k^(q,)]  Dh(q,^  r,(f,4)| 


5/2 


(447) 


.'.WOc)+»cl, 

where  (384),  (435)  and  (436)  have  been  used  to  simplify  the  result.  It  is  now  assumed 
that  the  function  Cq^Xc)  is  a  smooth  and  slowly  varying  function  of  le  near  the 
stationary  phase  point  and  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (360) 
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IS 


+  i[c(;J-4,c^(Qj]c‘(x.)| 


+  V>c« 


f  <Po5(^.) 


\  <fe| 


{4 


d^C^iQc)  ,  si 


2jk  dP 


+ 


Sjk 


X  [c{y-4Kj((3j]D*(a)lr,«,2)J 

j  . r, 

l»c[/(<3=)  +  »Jj 


o-jfc»C 


(448) 


.Sc\p‘^iQc)  ■¥  Sc] , 

where  (385),  (435)  and  (436)  have  been  used  to  simplify  the  result.  It  is  now  assumed 
that  the  function  C^ixe)  is  a  smooth  and  slowly  varying  function  of  Xg  near  the 
stationary  phase  point  and  k  1.  This  allows  us  to  use  the  uniform  asymptotic 
expansion  (673)  of  Appendix  B.  Therefore,  the  uniform  asymptotic  expansion  of  (361) 
is 

,,  1  I  e^^/^ 

2fcV2 


-i’cEi 


f  d?C^{Xe) 

\  dxl 


+  ^  [c(« 


l»cWe)  +  ».l/ 

7,7  f^sl  d^C^iQc)  J  -5sl  cos ipc 


16k^Pg(Qc) 
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X  [c(y-4Kj((?.)]%(<?cAr,K,4)| 


(449) 


UcWc)+^c]J  ^  ' 

where  (386),  (435)  and  (436)  have  been  used  to  simplify  the  result.  This  completes 
the  uniform  asymptotic  expansion  of  the  diffracted  fidd  integral  equations  on  the 
shadow  side  of  the  caustic.  However,  it  is  advantageous  to  rewrite  these  results  in 
a  more  convenient  and  standard  form.  Therefore,  adding  (437)  through  (449)  and 
regrouping  the  terms  we  obtain 


+  E 


(450) 


E^(p)  ~ 

+  (450) 

which  is  the  caustic  shadow  region  diffracted  field  in  a  standard  dyadic  form.  The 
dyadic  diffraction  coefficient  appearing  in  the  first  term  of  (450)  is  given  by 

5*  m  =  -?'?cD,{Q4T,((,0)-fi;,DH{Q,)T,{i,0)  (451) 

and  corresponds  to  the  UTD  dyadic  diffraction  coefficient  multiplied  by  the  caustic 
correction  transition  function  r,(^,0)  which  can  be  found  in  (674)  of  Appendix  B. 
The  last  three  terms  in  (450)  correspond  to  curvature  dependant  components  of  the 
diffracted  field  and  their  dyadic  diffraction  coefficients  are  given  by 


®i(0.) 


-i5'#c  (- 


I>.(Qc)T,((,2) 


Dh{(}.)T.{(,2) 


Di.mT.{(,2) 
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(Qc) 


S'S  {A  .  ‘c 


dP  8jk 


-m(| 


X  [c(y-4xj(Q4]D.(aAr.(j,2) 


fo^m.  A 

2jk  dP  8jk 


[c(h)  -  inlm]  Dnm]  r.K.2)  .  («2) 


T,_  (-i>l{pa(Qc)cosA  +  ‘cAi^A}‘i’i*'c\  „ 

I - W^) - - 1 


/ 


D.mT.((A) 

-f'sc  r 


■3j°  iP^SCCc)  ^  -6»|  smV’' 


2fc2  dZ2  8&Vp(^?c) 

X  [c(t)  -4xJ(e.)]  D.{Qa)\  2’,({,4) 
/'Sa^  d?C^{Qc)  ,  SsinV'csinV’c 

’'’■’iiF 


iZ2 

X 


+ 


^k'^»lpl{Qc) 
[C(/.)-4K^(^.)]P,(g.)^T,(e,4) 


Saf  —155^  sinV’i 


2;fe2  <£/2 

X 


484V»(<3.) 

[C(y-4xJ(Q.)]c4Q.)jT,((,4) 


M  ^-^2(^0)  ,  5^^  smV>csinV>^ 
^^"V2*2  i/2  ^k-^pliQc) 


X  [C(y-4xj{<?,)]i)4e.)jr,({,4) 


35®  d!^C^{Qc)  ,  -55®COsV>, 


2*2  i/2 

X 


16*2p,(Q,) 

[c(y-4«5{(?.)]x>,(ft)W.({,4) 
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and 


vMc)  =  - leP^WJ 

X  [c(;j-4«^((2.)]d,(<?.)W,«.6) 

_  a' a  ( ^^iiQc) 

2*3  dP 

Z5sl  |3a^Kg(Qc)  ~  ['®g*(^c)  +  3Kg(Qc)]  } 

X  [C(t)-4Kj{(?j]B,(Qc)V.K,6) 

(iSjsl  i^CKQc)  .  35s^{pg(Qc)-«cCosV»c}smV’cSmV’c 

-'>”‘’‘[-w~dr--^  ujk^PiiQ,) 

X  [C(/J  -  4Kj(e«)]  r.«.6)  («4) 

where  Ds^h{Qc)  are  the  UTD  half-plane  diffraction  coefficients,  C{lc)  is  given  in  (438) 
through  (440)  and  the  second  derivatives  of  the  amplitude  functions  are  given  in  (434) 
and  (435).  Also,  the  caustic  correction  transition  functions  T,(^,fc)  are  defined 
in  (674)  of  Appendix  B.  This  completes  the  uniform  asymptotic  expansion  of  the 
diffracted  field  integral  equations  for  the  shadow  side  of  the  caustic. 

5  Useful  Approximate  Field  Expressions 

Although  the  diffracted  field  expressions  derived  in  Sections  3  and  4  are  written 
in  terms  of  simple  functions,  they  may  seem  complicated  at  first.  Therefore,  some 
simple  approximations  can  be  helpful  in  reducing  these  expressions  to  something 
more  practical.  This  section  is  a  discussion  of  two  approximations  that  can  be  used 
to  simplify  the  calculation  of  the  diffracted  field  expressions. 

The  first  approximation  deals  simply  with  the  shape  of  the  edge.  This  approxi¬ 
mation  win  change  only  the  central  dii&acted  field  expressions  since  only  the  central 
diffracted  field  contains  explicit  information  about  the  shape  of  the  edge.  The  edge 
of  the  plate  was  first  assumed  to  be  in  the  form  of  a  power  series  as  given  in  (309). 
Although  this  is  theoreticaUy  precise,  this  series  can  be  approximated  by  only  the 
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leading  term.  This  is  dne  to  the  fact  that  the  central  diffracted  field  is  dependant  on 
the  local  geometry  near  the  diffraction  point.  Therefore,  the  diffracted  field  expres¬ 
sions  can  be  approximated  by  making 


a4  =  K^^iQc)  +  3kJ((5c)  =  0 


(455) 


and 

as  =  «7(Qc)  +  34/c2(^,)k»(Q,)  +  45k®((?c)  =  0  (456) 

which  is  the  same  as  saying  k^^{Qc)  »  -3/Cg(<?c)  and  «i''(Qc)  «  57k®(Qc)-  These 
turn  out  to  be  excellent  approximations  as  will  be  shown  in  the  next  chapter  when 
the  expressions  derived  in  this  chapter  are  calculated. 

The  second  approximation  deals  with  the  nature  of  the  diffracted  field  integral 
equations.  Although  the  diffracted  field  expressions  derived  in  Sections  3  and  4  are  all 
required  to  obtain  a  completely  uniform  caustic  corrected  UTD  solution  that  reduces 
to  the  UTD  away  from  the  caustic,  only  two  main  contributions  are  required  to 
obtain  a  good  approximation  of  the  field.  The  integrals  in  Section  2  containing  zeros 
will  produce  only  non-central  diffracted  field  components  to  a  first  order  asymptotic 
approximation.  Although  the  zeros  need  to  be  accounted  for  in  order  to  obtain 
a  uniform  asymptotic  expansion  of  these  integrals,  their  contribution  to  the  total 
diffracted  field  is  small  compared  to  the  integrals  that  do  not  contain  zeros.  Therefore, 
the  total  diffracted  field  can  be  approximated  by 

E^{P)  «  Ji{P)  +  K^{P)  (457) 


where  Jq{^P)  and  /Cq(P)  are  the  only  two  integrals  that  do  not  contain  zeros.  It  is 
important  to  note  that  these  are  the  two  integrals  that  compensate  for  the  disconti¬ 
nuities  of  the  GO  fields.  These  integrals  have  been  asymptotically  reduced  on  the  lit 
side  of  the  caustic  in  Section  3  and  can  be  written  as 


E‘‘(P)  -  (Q,) 


P^(Qc) 


\  IP^(Qc)  +  Sc] 

+  E‘(Q:c)'^(Qtc). 


/(Cn.) 


^nc  [p*^(^nc)  “i"  ^nc] 


156 


+  E\QZ)  ■  D  ((?- ) 


^  ^nc  [p‘^{.Qnc)  "I"  ^nc. 


--jks„ 


where 


D  {Qc)  «  -P%D,{Qc)Ui,{i)-^'^cDH{Qc)Ui,^) 

is  the  dyadic  difFraction  coefficient  for  the  central  difiracted  field  and 


(458) 


(459) 


D  (Q„e)  =  -P'B.iOMQnc)  -  r^uiOMQnc) 


(460) 


is  the  dyadic  diffraction  coefficient  for  the  non-central  diffracted  fields.  Also,  the 
nniform  polarization  vectors  Bu(^)  and  $u(^)  are 


B„(«  « 

j-.2[s(«™)-A]  j 

(461) 

and 

««({)  » 

a„cSin)0„c  J 

(462) 

respectively.  It  is  dear  that  these  expressions  do  not  reduce  to  the  standard  UTD 
ray  fixed  polarization  unit  vectors  and  ■0.  It  should  be  noted  that  0)  and 

tJ}  T„c(^,»7,0)  can  not  be  used  in  the  place  of  Bu(^)  and  ®u(0j  respectively,  because 
the  result  will  no  longer  be  uniform.  These  integrals  have  also  been  asymptotically 
reduced  on  the  shadow  side  of  the  caustic  in  Section  4  and  can  be  written  as 

5c  + 5c] 

+  m)  •  r  (C?.)  (463) 

where 

«  -^'/§=I>.(Qc)T,(«.0)  -#'#.I»i((3.)r,(e,0)  (464) 

is  the  dyadic  diffraction  coefficient  for  the  central  diffracted  field  and 

X  [c(Zc)-4K5(Qc)]D.(Qc))r,(^,2) 


E‘^{P)  ~  E\Qc)‘D  (Qc) 
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(Qc)  + 


Sjk 


X  [C(U)  -  4»J(Q.)]  DiW,) j  T,((,  2)  (466) 


is  the  dyadic  diffraction  coefficient  for  the  curvature  dependant  central  diffracted  field. 
This  turns  out  to  be  good  approximation  as  will  be  shown  in  the  next  chapter  when 
the  expressions  derived  in  this  chapter  are  calculated. 
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SECTION  8 


Numerical  Calculation  of  the 
Field  Scattered  by  a  Plane  Wave 
Incident  on  a  Flat  Plate  with  a 
Curved  Edge 


It  is  important  to  numerically  confirm  that  the  caustic  corrected  UTD  (CC*UTD) 
solution  derived  in  Chapter  7  is  accurate.  To  do  so,  two  geometries  axe  considered 
in  this  chapter.  First,  the  scattering  by  a  flat  plate  with  a  curved  edge  defined  by 
a  parabolic  equation  is  determined.  This  CC-UTD  solution  is  then  compared  to  the 
classical  UTD  solution.  The  other  geometry  considered  is  the  scattering  by  an  elliptic 
disk.  The  CC-UTD  solution  is  compared  to  the  classical  UTD  solution  and  a  Moment 
Method  (MM)  solution.  This  chapter  is  devoted  to  the  numerical  confirmation  of  the 
CC-UTD  solution  of  Chapter  7. 

1  Scattering  a  Flat  Plate  with  an  Edge  Defined 
by  a  Parabolic  Equation 

The  first  geometry  to  be  studied  is  the  scattering  by  a  flat  plate  with  an  edge  defined 
by  a  parabolic  equation.  To  conform  to  the  assumptions  of  the  derivation  of  the 
CC-UTD  in  Chapter  7  it  is  important  that  the  plane  wave  propagates  in  the  plane 
of  symmetry  of  the  parabolic  edge.  Also,  the  near-zone  observation  point  must  be  in 
the  plane  of  symmetry  of  the  parabolic  edge.  This  geometry  is  shown  in  Figure  40. 
This  section  consists  of  two  parts.  First,  the  parameters  required  for  the  CC-UTD 
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and  the  UTD  solutions  axe  determined.  Next,  the  scattered  field  is  calculated  and 
compared. 

1.1  Parabolic  Edge  Scattered  Field  Parameters 

In  order  to  determine  the  geometric  parameters  required  for  the  use  of  the  CC-UTD 
and  the  UTD,  the  edge  of  the  plate  will  be  defined  as 

=  4aj/e  (466) 


where  a  is  the  focal  length  of  the  parabola.  First,  the  diffraction  points  can  be  deter¬ 
mined  by  enforcing  the  fact  that  cosyS  =  cosjS'.  In  doing  so,  the  central  diffraction 
point  is  found  to  be  located  at 

V.  =  0  (467) 

and  the  non-central  diffraction  points  are  found  to  be  located  at 


Vo  +  Scyjsl  -vl  cot  V’c  ;  if  «c  -  2^0  >  0 

Vnc  ”  ^ 

Vo  -  j£cy/yl  -  si  cot  V-c  ;  if  -  ^0  <  0 

where  yo  =  Sc  cos  ipc  —  2a,  Cc  =  sgn{sinV’c}  aiid  observation  distance  Bc  is  fixed. 
Using  this  result  it  is  easy  to  determine  the  caustic  lit  and  caustic  shadow  regions. 
If  Vnc  >  0  the  observation  point  is  in  the  caustic  lit  region  and  if  <  0  ftc  obser¬ 
vation  point  is  in  the  caustic  shadow  region.  Also,  the  distance  from  the  non-central 
diffraction  points  to  the  observation  point  is 


Vnc -Vo 
cos^' 


(469) 


The  next  quantities  needed  are  the  curvature  and  the  second  and  fourth  derivatives 
of  the  curvature  at  the  diffraction  points.  The  curvature  of  the  edge  is  defined  as  [33] 


II + 


(470) 


where  using  (466)  it  is  easy  to  show  that 
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for  a  point  on  the  parabolic  edge.  Next,  evaluating  (471)  at  the  central  and  non- 
central  diffraction  points  we  obtain 


^g(Qc)  — 


2a 


(472) 


and 


fig(Qnc)  — 


i_  /  a 

2a  \a  -1-  j/ncJ 


(473) 


respectively.  Also,  differentiating  (471)  four  times  with  respect  to  Xg,  evaluating  them 
at  the  central  diffraction  point  and  using  (758)  and  (763)  of  Appendix  D  to  convert 
these  derivatives  we  obtain 


''a  (ft)  =  -3Ka(ft)  = 


-3 

(2ar 


(474) 


as  the  second  derivative  and 


^g  (Qc)  —  57Kg(Qc)  — 

as  the  fourth  derivative  of  the  curvature  with  respect  to  arc  length.  It  is  now  necessary 
to  determine  the  diffraction  an^es  rjj  and  /3  at  each  of  the  diffraction  points.  The 
values  of  ip  and  ip'  at  the  central  diffraction  point  are  ipc  and  ip'^,  respectively.  Also, 
the  oblique  incidence  angles  at  the  central  diffraction  point  axe  /3c  =  ^'^  =  |.  The 
angle  ip  is  found  using 


cos 


2a{scCosipc  +  ync) 

Ync  —  ~  r - 

^nc  sin;5„cY'(2o)2  -i-4oy„ 


and  the  angle  ip'  is  found  using 

cosiP'„c  = 


2a  cos  Ip',. 


sin  firicyj{2ay  +  4iay„ 


(476) 


(477) 


at  the  non-central  diffraction  points.  The  angle  /3„c  =  at  the  non-central  diffrac¬ 
tion  points  is 


sin;S„c  = 


a  +  yncsm^‘fp'c 
o  +  ync 


(478) 


using  cos)5„c  =  coS)3^  =  S’'  •  e.  Next,  it  is  important  to  determine  the  distance  to 
the  second  caustic  of  the  central  and  non-central  diffraction  points.  To  do  so,  we 
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recall  (10)  from  Chapter  2  to  find 


dfr\  \  — 

^  COsV’c  +  cos  V’c 

as  the  caustic  distance  at  the  central  diffraction  point,  and 

P'‘(CI^)  =  -  (<«») 

as  the  second  caustic  distance  at  the  non-central  diffraction  points.  Also  noting  that 

K'^eiQnc)  =  -Vnc  COS^^',  (481) 

we  are  able  to  determine  the  argument  of  the  caustic  correction  transition  functions. 
Finally,  it  is  necessary  to  determine  the  Geometrical  Optics  (GO)  field  and  the  inci¬ 
dent  field  at  each  of  the  diffraction  points.  The  incident  field  at  the  observation  point 
is 

E\P)  =  {^;  u  [x  -  |V»c  -  i’cW  (482) 

which  is  determined  using  classical  GO  techniques.  The  incident  wave  polarization 
vectors  and  “0'  must  be  transformed  into  the  global  polarization  unit  vectors  Sc, 
Pc  and  ■0c  as  shown  in  Figure  41.  Using  the  coordinate  transformation 

=  -A  (483) 

+  -it;)  (484) 

it  is  found  that 

E\P)  =  {acE;,sin(0c-0')-)5cE^^  +  0cE;^cos(0c-0;)} 

X  u  [tt  -  10c  -  0' |]  (485) 

is  the  incident  field  at  the  observation  point.  Next,  the  reflected  field  at  the  obser'va- 
tion  point  is 

E\P)  =  {pr  ElRs  +  0r  Eii,Rh}  u  [,r  -  |0c  +  0:|]  (486) 

where  the  reflection  coefficients  are  Rgjt  =  =Fl*  The  reflected  wave  polarization  vectors 
Pr  and  ij^r  must  be  transformed  into  the  global  polarization  unit  vectors  Sc,  Pc  and  0c 
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ion  for  the  Geometrical  Optics  fields  ir 
e  defined  by  a  parabolic  equation. 
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as  shown  in  Figure  41.  Using  the  coordinate  transformation 


(487) 

(488) 


0r  =  -ft 

=  ft6in(ft  +  V'D  +  ^eCOs(ft+V'D 

it  is  found  that 

E''{P)  =  {Sc  sin(V»c  +  'I’c)  +  -t-  ipc  E'^^  cos('0c  +  V’D} 

X u  [tt  -  \i>c  +  V’cl]  (489) 

is  the  reflected  field  at  the  observation  point.  The  GO  field  at  the  observation  point 
is  the  sum  of  the  incident  field  and  the  reflected  field  at  the  observation  point.  The 
diffracted  field  can  now  be  determined  using  the  diffraction  parameters  foimd  previ¬ 
ously. 

The  incident  field  at  each  diffraction  point  and  polarization  vectors  are  required 
to  determine  the  diffracted  field  on  the  lit  side  of  the  caustic.  The  incident  field  is 

#(a)=;0;«j,+*i<  («o) 

at  the  central  diffraction  point  and 

at  the  non-central  diffraction  points.  It  is  now  necessary  to  rotate  the  incident  ray 
fixed  polarization  unit  vectors  and  ■0^  into  the  global  incident  polarization  unit 
vectors  /3'  and  V’e*  The  incident  wave  ray  fixed  polarization  unit  vectors  at  the  central 
diffraction  point  are  and  The  incident  wave  ray  fixed  polarization 

unit  vectors  at  the  non-central  diffraction  points  are 

2a  ]  \-Ji{ 

sin  )0nc^(2a)2  -f  4oy„c  j  \  sin  /?nc‘\/(2o)2  -f  4ay„c 

and 

-gncSinV;' 

sin  fincyji^ay  -\-4ay„c 
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2a 


sin  /9„c\/(2a)2  -I-  4ay„ 


(493) 


Figure  42:  Polarization  unit  vector  definition  for  the  diffraction  by  a  curved  edge 
defined  by  a  parabolic  equation. 


in  terms  of  the  global  incident  wave  polarization  unit  vectors  and  '0c  ‘•■s  shown 
in  Figure  42.  Also,  the  modified  diffracted  ray  fixed  polarization  vectors  Bu(^)  and 
^u(0  ^  given  by  (415)  and  (416)  of  Chapter  7  are 


B.(« 


_  5  ^nc  (2fl  COS  Sc  sill  X^c  Vnc  1 

1  (2a)2  +  iaync  ) 


+ 

+  0c 


I 


2a  5,^  T„c(e,  V,Q)-2ayl  y,  4)  j 

sin  /3„c\/(2a)2  +  4ay„c  J 

f  --Sc^nc  sin0ernc(^,??,2) 

[  5^^  sin  ^nc‘y/(2a)2  ^ 

(3cCOS0c  -2a)gncync  sin  0e  rne(^,  4)  | 

’  +  4oy„c  J 


+ 


«Lsin/S„c\/(2a)2 


(494) 


and 


t„(0  = 

+  0c 


2aync  sin0ernc(^,77,2) 

s„c  sin  /3m:\/(2a)2  +  4ay„ 


+  ^c 


Scgne  Sin0erne(f 

s„cSini0„c\/(2a)2  + 

2a  5c  r„c(^ ,  Vi  0)  +  2a  1/nc  cos  0c  T„c(^ 


>^>2)  I 

-  4a2/„c  j 


^nc  sin  /3„c  y(2a)2  +4a3/n 


:>^7»2)  j  ^ 


(495) 
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respectively,  in  terms  of  the  global  polarization  unit  vectors  Sc,  Pc  V'c  2^  shown 
in  Figure  42.  The  argument  of  the  caustic  correction  transition  functions  is 

^  =  \j2k[ync  cos  V’c  -•»»«:  +  «c]  (496) 

from  (368)  and  77  given  in  (370)  of  Chapter  7.  These  vectors  and  the  diffraction 
parameters  derived  earlier  are  now  used  in  (410)  through  (414)  of  Chapter  7  along 
with  the  UTD  half-plane  diffraction  coefficients  to  determine  the  diffracted  field  on 
the  lit  side  of  the  caustic. 

The  diffracted  field  in  the  caustic  shadow  repon  can  be  computed  using  (450) 
through  (454)  of  Chapter  7.  The  diffracted  field  parameters  required  in  order  to  use 
this  result  have  been  derived  previously  in  this  chapter.  The  only  quantity  left  is  the 
argument  of  the  caustic  correction  transition  functions 

i  =  \]2k[yru:  cos  tpl.-  8nc  +  Sc]  (497) 

from  (421)  and  17  pven  in  (423)  of  Chapter  7.  It  is  important  to  note  that  it  is 
possible  for  {j/„c  cos  V’c  —  ■Snc  +  «c}  to  be  complex  in  the  caustic  shadow  region.  Al¬ 
though  this  case  should  be  analyzed  using  uniform  steepest  descent  techniques,  it  is 
treated  here  heuristically.  The  caustic  correction  transition  functions  are  not  critical 
when  this  occurs  because  it  is  usually  in  the  deep  caustic  shadow  region.  Therefore, 

1 2/„c  cos  V'c  —  ^nc  +  5c  I  can  be  used  because  it  will  produce  a  transition  function  argu¬ 
ment  that  is  piece-wise  continuous  in  magnitude.  The  ramifications  of  this  approxi¬ 
mation  will  be  discussed  in  the  next  subsection  when  these  expressions  are  calculated 
numerically.  There  is  no  reason  to  transform  the  polarization  vectors  since  those  used 
in  Chapter  7  are  also  used  here.  Therefore,  the  GO  field  and  the  diffracted  field  add 
to  produce  the  total  field. 

1.2  Numerical  Calculation  of  the  Field  Scattered  by  a  Flat 
Plate  with  a  Parabolic  Edge 

The  numerical  calculation  of  the  field  expressions  derived  in  Subsection  1.1  confimis 
the  uniformity  of  the  CC-UTD.  This  also  leads  to  some  insight  into  the  physical 


phenomenology  involved  in  this  problem  and  the  CC-UTD  formulation.  The  CC-UTD 
formulation  is  compared  to  the  classical  UTD  solution  to  illustrate  their  differences. 
This  subsection  is  devoted  to  the  numerical  calculation  of  the  total  field  in  the  presence 
of  a  flat  plate  with  a  parabolic  edge. 

Various  components  of  the  total  field  are  plotted  in  this  subsection  in  order  to 
discuss  the  properties  of  the  CC-UTD  solution.  The  quantity  to  be  plotted  throughout 
this  subsection  for  a  polarized  incident  plcme  wave  is 

^?^(dB)  =  201ogio|^c-^(P)|  (498) 

for  the  Pc  component  of  the  field  at  the  observation  point.  The  CC-UTD  does  not 
produce  any  cross  polarization  for  this  incident  wave  polarization.  This  is  due  to  the 
assumed  symmetry  of  the  edge,  incidence  direction  and  observation  location.  Also, 
E(^P)  is  the  component  of  the  electric  field  being  discussed.  Next,  the  quantities  to 
be  plotted  throughout  this  subsection  for  a  polarized  incident  plane  wave  are 

E,  (dB)  =  20  logio  I  Sc  •  E{P)  I  (499) 

for  the  Sc  component  and 

E^  (dB)  =  20  logio  I  •  E{P)  I  (500) 

for  the  component  of  the  field  at  the  observation  point.  However,  the  CC-UTD 
does  not  produce  a  fic  component  for  this  incident  wave  polarization.  This  is  due  to 
the  assumed  symmetry  of  the  edge,  incidence  direction  and  observation  location. 

The  first  case  considered  here  consists  of  a  flat  plate  with  a  parabolic  edge  having 
a  focal  length  of  a  =  3A,  an  observation  distance  of  Sc  =  5A  and  an  incidence  angle  of 
^  450  shown  in  Figure  40.  The  different  components  of  the  CC-UTD  solution 
will  first  be  plotted  to  illustrate  some  of  the  properties  of  the  formulation.  Only 
the  will  be  separated  into  its  different  components  since  all  of  the  remaining 

integrals  will  have  the  same  characteristics. 

For  the  sake  of  discussion,  the  central  ray  diffracted  field  is  the  first  term  in  (402) 
of  Chapter  7  when  P  is  in  the  caustic  lit  region  or  the  first  term  of  (442)  of  Chapter  7 
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when  P  is  in  the  caustic  shadow  region.  These  terms  are  labeled  this  way  because 
they  are  the  same  except  the  caustic  correction  transition  functions  differ  on  the  lit 
and  shadow  sides  of  the  caustic.  The  non-central  ray  diffracted  field  is  the  sum  of 
the  last  two  terms  in  (402)  of  Chapter  7  in  the  caustic  lit  region.  Finally,  the  curva¬ 
ture  dependant  central  ray  diffracted  field  is  the  second  term  in  (442)  of  Chapter  7. 
Although  this  diffracted  field  has  a  similar  form  as  the  central  ray  diffracted  field, 
it  has  a  different  curvature  dependant  diffraction  coefficient  and  a  different  caustic 
correction  transition  function. 

We  now  look  at  the  central  ray,  curvature  dependant  central  ray  and  non-central 
ray  diffracted  field  components  of  t7o{P)  us  shown  in  Figure  43.  As  explained  earlier, 
this  is  obtained  by  making  the  incident  wave  purely  polarized.  Several  interesting 
facts  about  the  CC-UTD  can  be  seen  from  this  plot. 

The  Incident  Shadow  Boundary  (ISB)  is  located  at  V’c  =  ^  +  V’c  =  225°  and 
the  Reflection  Shadow  Boundary  (RSB)  is  located  at  ~  V’c  ~  135°  for  a  flat 

plate  with  a  parabolic  edge  with  a  focal  length  of  a  =  3A,  an  observation  distance  of 
Sc  =  5A  and  an  incidence  angle  of  ■0c  =  45°.  The  Caustic  Boundaries  (CB)  occur  when 
the  amplitude  spreading  factor  of  the  diffracted  field  expressions  becomes  singular. 
Therefore,  equating  p'^iQc)  +  to  zero  we  find  that 

COS0CB  ~  (^01) 

are  the  locations  of  the  CB’s.  The  CB’s  are  located  at  0cb  =  60.47° ,  299.53°  for  the 
dimensions  chosen  here.  These  values  are  shown  in  Figure  43.  It  is  also  easy  to  see 
how  the  solutions  on  the  lit  and  shadow  sides  of  the  caustic  differ.  The  central  ray 
and  curvature  dependant  central  ray  diffracted  fields  are  each  bounded  in  the  caustic 
shadow  region.  In  this  region,  the  curvature  dependant  central  ray  diffracted  field 
can  be  viewed  as  a  correction  to  the  central  ray  diffracted  field.  However,  the  central 
ray  and  non-central  ray  diffracted  field  contributions  are  each  singular  in  the  caustic 
lit  region.  The  central  ray  diffracted  field  contribution  has  a  singularity  that  opposes 
the  singularity  of  the  non-central  ray  diffracted  field.  These  singularities  cancel  and 
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Figure  43:  Diffracted  field  components  of  Jo{P)  for  a  plate  with  a  focal  length  of 
o  =  3A,  am  observation  distance  of  5c  =  5A  and  an  incidence  angle  of  =  45°. 
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Figure  44:  Field  components  in  the  /3c  direction  for  a  plate  with  a  focal  length  of 
a  =  3A,  an  observation  distance  of  5c  =  5A  and  an  incidence  angle  of  V’e  ~ 

the  proper  field  is  obtained  in  the  caustic  lit  region  when  these  two  contributions  are 
added  to  obtain  the  total  diffracted  field. 

As  discussed  at  the  end  of  Subsection  1.1,  {y„c  cos  ifi'^  —  5„c  +  5c}  in  the  arguments 
of  the  caustic  correction  transition  functions  may  become  complex  in  the  caustic 
shadow  region.  The  angles  for  which  this  occurs  are 

cosrp^  =  I - l|  (502) 

by  TnalfiTig  si  —  yl  =  0.  These  points  are  =  78.4630°  and  281.5370°  for  this 
geometry  and  can  be  seen  in  Figure  43.  It  is  seen  &om  Figure  43  that  this  has  a 
neglipble  effect  for  the  central  ray  diffracted  field  but  not  for  the  curvature  dependant 
central  ray  diffracted  field.  However,  the  sum  of  these  two  field  components  shows 
little  effect  from  this  anomaly.  The  field  in  the  caustic  shadow  re^on  is  piece- wise 
continuous  as  discussed  in  the  previous  subsection. 

We  can  now  look  at  the  incident,  reflected  and  total  diffracted  fields  for  the  /0c 
component  as  shown  in  Figure  44.  These  quantities  are  obtained  by  making  the 
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Figure  45:  Total  field  comparison  in  the  Pc  direction  for  a  plate  with  a  focal  length 
of  o  =  3A,  an  observation  distance  of  Sc  =  5A  and  an  incidence  angle  of  =  45°. 

incident  wave  purely  polarized.  This  figure  clearly  shows  that  the  diffracted  field 
is  not  only  bounded  near  the  caustic,  but  it  is  also  smooth  and  continuous.  Therefore, 
the  CC-UTD  is  uniform  across  the  caustics  of  the  dif&acted  field.  It  is  also  dear  that 
the  diffracted  field  retains  discontinuities  along  the  inddent  and  reflection  shadow 
boundaries.  Also,  as  explained  earlier,  there  is  a  negligible  effect  of  the  approximation 
used  in  the  argument  of  the  caustic  correction  transition  functions  on  the  shadow  side 
of  the  caustic. 

Finally,  Figure  45  shows  a  comparison  between  the  CC-UTD  and  UTD  solutions. 
Adding  the  incident,  reflected  and  dif&acted  fields;  we  see  that  the  total  field  is 
smooth  and  continuous  everywhere.  This  figure  shows  that  the  CC-UTD  solution 
corrects  for  the  caustics  of  the  UTD  solution.  It  also  shows  that  the  CC-UTD  solution 
smoothly  reduces  to  the  UTD  solution  away  &om  the  caustics.  This  is  one  of  the 
requirements  of  a  uniform  solution.  It  is  clear  that  the  CC-UTD  solution  retains 
the  proper  discontinuities  along  the  inddent  and  reflection  shadow  boundaries  to 
compensate  for  the  discontinuities  of  the  GO  fields. 
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Figure  46:  Field  components  in  the  Sc  direction  for  a  plate  with  a  focal  length  of 
a  =  3A,  an  observation  distance  of  Sc  =  5A  and  an  incidence  angle  of  ■0^  =  45°. 

We  can  now  look  at  the  incident,  reflected  and  total  diffracted  fields  for  the  Sc 
polarization  as  shown  in  Figure  46  and  the  0c  polarization  as  shown  in  Figure  47. 
These  field  quantities  are  obtained  by  making  the  incident  wave  purely  0'  polarized. 
These  figures  clearly  show  that  the  diffracted  field  is  not  only  bounded  near  the  caus¬ 
tic,  but  it  is  also  smooth  and  continuous.  Therefore,  the  CC-UTD  is  uniform  across 
the  caustics  of  the  diffracted  field.  It  is  also  dear  that  the  diffracted  field  in  the  0c 
direction  retains  discontinuities  along  the  incident  and  reflection  shadow  boundaries 
as  expected.  As  explained  earlier,  there  is  a  negligible  effect  of  the  approximation 
used  in  the  argument  of  the  caustic  correction  transition  functions  on  the  shadow  side 
of  the  caustic. 

Finally,  Figures  48  and  49  show  a  comparison  between  the  CC-UTD  and  UTD 
solutions  for  the  Sc  and  0c  components,  respectively.  Adding  the  inddent,  reflected 
and  diffracted  fields;  we  see  that  the  total  field  is  smooth  and  continuous  everywhere. 
These  figures  show  that  the  CC-UTD  solution  corrects  for  the  caustics  of  the  UTD 
solution.  It  also  shows  that  the  CC-UTD  solution  smoothly  reduces  to  the  UTD 
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Figure  47:  Field  components  in  the  “ipc  direction  for  a  plate  with  a  focal  length  of 
a  =  3A,  an  observation  distance  of  Sc  =  5 A  and  an  incidence  angle  of  =  45°. 
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Figure  48:  Total  field  comparison  in  the  Sc  direction  for  a  plate  with  a  focal  length 
of  a  =  3 A,  an  observation  distance  of  Sc  =  5A  and  an  incidence  angle  of  V’c  = 
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Figure  49:  Total  field  comparison  in  the  direction  for  a  plate  with  a  focal  length 
of  a  =  3A,  an  observation  ^stance  of  Sc  =  5A  and  an  incidence  angle  of  V’c  =  45°. 


solution  away  from  the  caustics.  This  is  one  of  the  requirements  of  a  uniform  solution. 
Although  these  patterns  are  continuous  everywhere,  the  Sc  component  is  discontinuous 
in  slope  along  the  incident  and  reflection  shadow  boundaries.  This  occurs  because 
the  slope  diffraction  terms  where  neglected  in  the  asymptotic  expansion  of  the  ITD 
diffracted  field  of  Chapter  4.  This  is  generally  a  small  effect  that  is  usually  neglected. 
This  line  of  thinking  is  consistent  with  the  UTD. 

As  another  example,  the  total  field  is  calculated  for  a  plate  with  a  focal  length 
of  o  =  4A,  an  observation  distance  of  Sc  =  8A  and  an  incidence  angle  of  =  30°. 
Figure  50  shows  a  comparison  between  the  /3c  components  of  the  CC-UTD  and  UTD 
solutions  which  is  obtained  by  making  the  incident  wave  polarized.  We  see  that  the 
total  field  is  smooth  and  continuous  everywhere.  This  figure  shows  that  the  CC-UTD 
solution  corrects  for  the  caustics  of  the  UTD  solution.  It  also  shows  that  the  CC-UTD 
solution  smoothly  reduces  to  the  UTD  solution  away  from  the  caustics.  It  is  clear 
that  the  CC-UTD  solution  retains  the  proper  discontinuities  along  the  incident  and 
reflection  shadow  boundaries  to  compensate  for  the  discontinuities  of  the  GO  fields. 
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Figure  50:  Total  field  compaxison  in  the  fSc  direction  for  a  plate  with  a  focal  length 
of  a  =  4A,  an  observation  distance  of  =  8A  and  an  incidence  angle  of  =  30°. 

Figures  51  and  52  show  a  comparison  between  the  CC-UTD  and  UTD  solutions  for  the 
Sc  and  Tpc  components,  respectively.  These  components  are  obtained  by  making  the 
incident  wave  polarized.  These  figures  show  that  the  CC-UTD  solution  corrects  for 
the  caustics  of  the  UTD  solution.  It  also  shows  that  the  CC-UTD  solution  smoothly 
reduces  to  the  UTD  solution  away  from  the  caustics.  Although  these  patterns  axe 
continuous  everywhere,  the  Sc  component  is  discontinuous  in  slope  along  the  incident 
and  reflection  shadow  boundaries.  This  occurs  because  the  slope  diffraction  terms 
where  neglected  in  the  asymptotic  expansion  of  the  ITD  diffracted  field  of  Chapter  4. 
This  is  generaJly  a  small  effect  that  is  usually  neglected.  This  line  of  thinking  is 
consistent  with  the  UTD. 

2  Scattering  by  an  Elliptic  Disk 

The  other  geometry  to  be  studied  in  this  chapter  is  the  scattering  by  an  elliptic  disk. 
To  conform  to  the  assumptions  of  the  derivation  of  the  CC-UTD  in  Chapter  7  it  is 
important  that  the  incident  plane  wave  impinges  on  the  disk  along  one  of  its  two 
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Figure  51:  Total  field  comparison  in  the  Sc  direction  for  a  plate  with  a  focal  length 
of  o  =  4A,  an  observation  distance  of  Sc  —  8A  and  an  incidence  angle  of  V'c  =  30°. 


Figure  52:  Total  field  comparison  in  the  V'c  direction  for  a  plate  with  a  focal  length 
of  o  =  4A,  an  observation  distance  of  Sc  =  8A  and  an  incidence  angle  of  =  30°. 
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Figure  53:  Geometry  for  the  scattering  by  an  elliptic  disk. 

axis  of  symmetry  and  the  bistatic  pattern  must  be  taken  in  the  plane  of  symmetry 
of  the  ellipse.  This  geometry  is  shown  in  Figure  53.  This  section  consists  of  two 
parts.  First,  the  parameters  required  for  the  CC-UTD  and  the  UTD  solutions  are 
determined.  Next,  the  scattered  field  is  calculated  using  the  CC-UTD  and  the  UTD. 
These  results  are  compared  to  a  MM  solution. 

2.1  Elliptic  Disk  Scattered  Field  Parameters 

It  is  important  to  accurately  define  the  edge  of  the  elliptic  disk  in  order  to  determine 
the  dilfraction  parameters  required  to  use  the  CC-UTD  and  the  UTD.  An  dlipse  is 
defined  by 

,503) 

where  a  and  b  are  the  principle  axes  of  the  ellipse  in  the  x  and  y  directions,  respectively. 
The  X  and  y  coordinates  of  a  point  of  the  edge  of  the  elliptic  disk  can  now  be  related 
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by 


Xe  =  a  cos  V 
ye  =  bsinv 


(504a) 

(504b) 


where  v  is  the  only  variable.  The  diffraction  points  on  the  edge  of  the  disk  can  be 
determined  by  recalling  that  cosjS  =  cosjS'  at  these  points.  In  doing  so,  we  find  that 


T’  "<=1  -  2 

and 

1 

9 

0> 

e 

2C2  2C2\ 

sin  Vnc  =  < 

Cl  ,  Sf} 

2C2  ^  2C2 

y/C!-ACoC2 


V'C7?-4C7oC72 


;  if  C?- 4(70072  >0 
;  if  C72- 4(70^2  <0 


(505) 


are  the  diffraction  points  as  shown  in  Figure  53.  Also,  =  ±1  is  determined  by 
enforcing  the  fact  that  cos  /?  =  cos  and  the  constants  Cq  ,  C^i  and  C2  sxc  pven  by 

Co  =  [(o^  +  cos^  V’o  “  ^  V'o]  (506a) 

Cl  =  2hR  (6^  sin^  cos  ^>0  (506b) 

072  =  b^(b^-a^)cos^t/>'-(b^-a^y  (506c) 

and  are  used  to  determiiie  the  locations  of  the  non-central  diffraction  points.  Now 
that  the  diffraction  points  have  been  found,  it  is  easy  to  see  that  if  |  sin  |  <  1  “the 
observation  point  is  in  the  caustic  lit  region  and  all  other  cases  correspond  to  the 
caustic  shadow  region.  Next,  it  is  easily  shown  that 

Sco  =  \/i2^  +  6^  +  2bR  cos  V'o  (507) 

and 


=  ^122  +  62  _  2bR  cos  (508) 

are  the  distances  from  the  central  diffraction  points  to  the  observation  point  and 

(509) 


\/{R^  +  a^)  —  (26jRcosV’o)  sini;„c  +  (6^  —  a^)  sin^ 


with 


+1  ;  if  |sinu„cl  <  1 

—j  ;  otherwise 


(510) 
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is  the  distances  from  the  non-central  diffraction  points  to  the  observation  point.  The 
curvature  at  any  point  on  the  edge  of  the  disk  is  found  to  be 


^  [a4  +  (62  _  0,2) 

ab 

[(osini;)2  -I-  (hcosu)^]^'^^ 
from  (470).  Evaluating  (511)  at  Qto,  Qci  and  Q„c  we  obtain 

«fl(<?co)  =  ligiQcl)  =  4 


(511) 


(512) 


^giQnc)  — 


(513) 


^9\^nc;  —  ,  t3/2  ’ 

[52  +  (o2  -  62)sin^t;„c] 

respectively.  Also,  differentiating  (511)  four  times  with  respect  to  Xe,  using  (758) 
and  (763)  of  Appendix  D  to  convert  the  derivatives  and  evaluating  them  at  Qco  and 
Qci  we  get 

<(<?->)  =  <(a.)  =  (514) 


=  <Wc.)  = 


455(a''-52)'‘  +  125’(a=-5*) 


(515) 


as  the  second  and  fourth  derivatives  of  the  curvature  with  respect  to  arc  length.  Using 
the  fact  that  the  diffraction  points, 


^cO=/0cl  =  2 


(516) 


(bsinV’o)^  -1-  (o2  —  sin^t;„c 

sin^nc  =  A  - laj.}  2 — 12\  •  2  ^ -  (^1^) 

\  0^  H-  (a^  _  62J  sm'S 

are  the  oblique  incidence  angles  at  the  diffraction  points.  The  incident  angles  and 
V’ci  are 

=  i’o  (518) 


TT  -  ■0'  ;  if  v*'  <  2r 

3ir  -  •0O  ;  if  >  ?r 


(519) 
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respectively,  at  the  central  diffraction  points  and  the  incident  angle  is  determined 
using 


cosi}'^  = 


—  a  cos  V’o  sin  Vr. 


_ - _ _ =  (520) 

sin  sin^Vnc 

at  the  non-central  diffraction  points.  The  diffraction  angles  ■^co  *uid  V’ci  found 
using 


cosV’cO  = 


and 


COSTj}, 


'cl 


6  •+  J?  cos  V’o 

ScO 

b-  Rcosi^o 


(521) 


(522) 


respectively,  at  the  central  diffraction  points  and  the  incident  angle  V’nc  is  found  using 

ab  —  aR  cos  -^o  sin  Vnc 


COsV'fi 


(523) 


*'nc 


Snc  siufincsjb'^  +  (o^  “  siu^ 

at  the  non-central  diffraction  points.  The  caustic  distances  can  now  be  determined 
using  (10)  of  Chapter  2  and  are  given  by 

p\Q^)  = 


b  (R  cos  V’o  +  ScO  cos  -00  +  b) 


and 


P^iQci)  = 


a^Sci 


b  {R  cos  -^o  +  Sci  cos  V’o  -  b) 
at  the  central  diffraction  points  and 

l2 


^  [52  +  (a2  -  52)  sin^  u„c]  ^  Snc  sin^  /3„c 

P  {Qnc)  ^25  sin  cos  +  ^nc  sin  V„c  COS  V*©  ”  ^) 


(524) 


(525) 


(526) 


at  the  non-central  diffraction  points.  Finally,  it  is  necessary  to  determine  the  Ge¬ 
ometrical  Optics  (GO)  field  and  the  incident  field  at  each  of  the  diffraction  points. 
The  incident  field  at  the  observation  point  is 


i‘(p)  = 

x{u[^i-V>.]+u[V’.-*]} 

which  is  determined  using  classical  GO  techniques  and 

1^1  =  IT  -1-  V-o  -  sin"^  sin^'^ 

rj}2  =  T^  +  i>o  + 


(527) 

(528) 

(529) 
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Figure  54:  Incident  and  reflection  shadow  boundaries  of  an  elliptic  disk. 

are  the  angles  corresponding  to  the  two  incident  shadow  boundaries  as  shown  in 
Figure  54.  The  incident  wave  polarization  vectors  and  must  be  transformed 
into  the  global  polarization  unit  vectors  So,  Po  and  V'o  as  shown  in  Figure  55.  Using 
the  coordinate  transformation 

p'o  =  -Po  (530) 

=  S"osin(V>o- V’o)  +  ^oCos(V’o- V’D  (531) 

it  is  found  that 

E‘(,P)  =  + 

{U  [$i  -  +  U  [V-o  -  *]}  (532) 

is  the  inddent  field  at  the  observation  point.  Next,  the  reflected  field  at  the  observa¬ 
tion  point  is 

#(P)  =  E^Rh}  [V’o  -  ^3]  U  [^4  -  i’o]  (533) 
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Figure  55:  Polarization  unit  vector  definition  for  the  inddent  and  reflected  fields  in 
the  presence  of  an  elliptic  disk. 
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where  the  reflection  coefficients  are  and 


are  the  angles  corresponding  to  the  two  reflection  shadow  boundaries  as  shown  in 
Figure  54.  The  reflected  wave  polarization  vectors  fir  and  V’r  must  be  transformed 
into  the  global  polarization  unit  vectors  So,  fio  and  as  shown  in  Figure  55.  Using 
the  coordinate  transformation 

fir  =  -fio  (536) 

V'r  =  SoSin(V’o  +  V’o)  +  ^oCOs('0o  +  V'o)  (537) 

it  is  found  that 

i'(p)  = 

X  U  [V>.  -  U  [^4  -  it,]  (538) 

is  the  reflected  field  at  the  observation  point.  The  GO  field  at  the  observation  point 
is  the  sum  of  the  incident  field  and  the  reflected  field  at  the  observation  point.  The 
diffracted  field  can  now  be  determined  using  the  diffraction  parameters  found  previ¬ 
ously. 

The  incident  field  at  each  diffraction  point  and  polarization  vectors  are  required 
to  determine  the  diffracted  field  near  the  caustic.  The  incident  field  at  the  central 
diffraction  points  are 

E‘(Q^)  =  (539) 

at  Qf^  and 

=  +  (540) 

at  Qc\.  The  incident  wave  polarization  unit  vectors  at  the  two  central  diffraction 
points  are  =  fi'^  and  at  and  fi^^  =  -fi'^  and  at  Q^. 

These  polarization  unit  vectors  are  shown  in  Figure  56.  Also,  the  diffracted  field 
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Figure  56:  Polarization  unit  vector  definition  for  the  fields  diffracted  by  an  elliptic 
disk. 

polarization  unit  vectors  are  transformed  to  the  global  polarization  unit  vectors 


and  using 

^co  =  cos(V’co  -  ‘•I’o)  +  i’o  sin(V’co  -  i’o)  (541) 

(M2) 

^eo  =  -S'.  sm(V’co  -  ^o)  +  "  V’.)  (M3) 

for  the  field  diffracted  from  Qco  and 

aci  =  cos(V»ci  +  V’o)  +  i’o  sm(V'ci  +  V'o)  (544) 

)9ci  =  -h  (545) 

sin(^ci  +  "^o)  +  cos(V'ci  +  V’o)  (546) 


for  the  field  diffracted  from  Qci*  These  polarization  unit  vectors  are  shown  in  Fig¬ 
ure  56.  These  vectors  can  be  used  in  conjunction  with  the  diffracted  field  parameters 
derived  earlier  in  this  subsection  to  obtain  the  expressions  for  the  field  diffracted  from 
the  central  diffraction  points.  The  only  quantities  remaining  in  these  expressions  are 
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the  caustic  correction  transition  functions.  The  argument  of  the  caustic  correction 
transition  functions  of  the  field  diffracted  from  Qco  are 


^0  = 


■^2*  [(sin  Vnc  +  1)  6  cos  +  aco] 


,-i3r>ow/4 


(547) 


on  the  lit  side  of  the  caustic  and 


io  = 


yl2k  [(sin  Vnc  +  1)  6  cos  V’o  -  •Snc  +  ScO^ 


o-if?07r/4 


on  the  shadow  side  of  the  caustic  where 


Vo 


=  _sgn|— eSW _ \ 

®  Ucob‘^(C?co)  +  aco]/ 


(548) 


(549) 


,  «c0  \p^{Qc 

The  argument  of  the  caustic  correction  transition  functions  of  the  field  diffracted  from 
Qc\  are 

j  - -  - - -  .  .  I 

,-j3iji»r/4 


6  = 


v/2A  [(sin  Vnc  -1)5  cos  -0'  -  S„c  +  Scl] 


on  the  lit  side  of  the  caustic  and 


6  = 


[(sin  Vnc  -  1)  5  cos  -  Snc  +  ad] 


o-i»Ji7r/4 


on  the  shadow  side  of  the  caustic  where 


?/i  =  -  sgn 


f  P'^iQci)  \ 
l^d  \f^{Qci)  +  ad]  J 


(550) 


(551) 


(552) 


8c\  \p^{Qcl] 

The  expressions  derived  in  Chapter  7  can  now  be  used  to  determine  the  field  diffracted 
by  the  two  central  diffraction  points. 

The  field  diffracted  by  the  two  non-central  diffraction  points  must  be  determined. 
The  incident  field  at  the  non-central  diffraction  points 


E\Qnc)  = 

along  with  the  incident  wave  polarization  unit  vectors 

p/  _  ;^o  (  -  a  sin  v„c)  +  (6  sin  cos  Vnc) 

sin  ^ncy/V^  +  (a^  -  sin^  v„c 

and  ^  ^ 

_  ygp  (-  5 sin  V>^  cos  Vnc)  +  ^c{-asm  Vnc) 

sin  finc\l^  +  (o^  -  5^)  Sin^  Vnc 


(553) 


(554) 


(555) 
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axe  necessary  in  determining  the  field  diffracted  by  the  non-centraJ  diffraction  points. 
Finally,  it  is  necessary  to  determine  the  uniform  polarization  vectors  Bu(^)  and  ®o(0 
as  given  by  (415)  and  (416)  of  Chapter  7,  respectively.  Since  the  non-central  diffrac¬ 
tion  points  can  coalesce  to  either  Qco  or  Qd,  we  must  refer  these  vectors  to  the 
appropriate  point.  First,  if  —1  <  sinv„c  <  0  then  the  non-central  diffraction  points 
axe  closer  to  Q^o-  Therefore,  referring  Bu(^)  and  ^u(0  to  QcO  we  obtain 


Bu(0  =  Sco 


-  ScO  sin  Vnc  cos  Vnc  TncUoi  Vo^^) 


and 


5^  sin -  sin^i;„c 
b  cos  V’co  +  Stiob  sin^  V’co}  cos  Vnc  (sin  v„c  +  1)  TncUo 


+  ^cO 


sin 

^  Tne(^0 ,  ^/o,  0) 


»^?o»4)| 


+ 


sin  /9nc\/b^  +  (a^  -  &^)  sin^v„c 
ah  {sco  cos  V>cO  -  b}  (sin  Vnc  +  1)^  Tnc(6> ^yo>  4)  | 

Vnc  ) 


+  ^cO 


8^^  sin ^nc\l^  +  (a*  -  6^)  sin^ 

^  V*cO  COS  Vnc  Tnc(^05  2) 


sin  +  (a^  -  &^)  sin^v„c 

b  sin  V>cO  {acO&  cos  V>eO  -  O^}  cos  Vnc  (sin  Vnc  +  1)  TnciioiVo 
sin  Pnc\lv^  +  (o*  -  ^)  sin^  Vnc 


(556) 


^u(0  =  ScO 

+  ^cO 

+  i’do 


ah  sin  V>co  (sin  Upc  +  1)  Tne(6>  ^o>  2) 
Snc  sin  Pnc\J^  +  (o®  -  ^)  sin^  Vn 

{Sda  h sin  ipco  cos  Vnc  Tnc(6>  Vo^  2) 
s„c  sin  fincy/i^  +  (a^  -  &  )  sin^ 

I  -  SeO  a  sin  Une  Tnc{io,Vo,  0) 


a„c  sin  finc\J^  +  (a^  —  b^)  sin^  v, 
ob  cos  V>eO  (sin  Une  +  1)  rnc(^i 


+ 


fine  sin  Pne'^V^  +  (a^  -  b^)  sin 


^o>^?o>2)l 

sin^Unc  J 


(557) 


respectively.  The  coordinate  tr£insformation  in  (541)  through  (543)  is  then  used 
to  transform  this  expression  into  the  global  coordinates  So,  fio  and  ‘0o*  Next,  if 
0  <  sinr„c  <  1  then  the  non-central  diffraction  points  axe  closer  to  Qd.  Therefore, 
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referring  Bu(^)  and  ^ti(0  Qci  we  obtain 


B„(^)  =  Sci 


and 


{  —  Sci  sin  Vnc  cos  v. 
sl^  siTL^ncyjh^  +  {a? 


V^)  sin^  Vfl 


+ 


h  ^a?  cos^ci  +  «ci^»sin^  V'ci}  cost;„c  (sin  v„c  —  1) 


+  Pci 


+ 


sin  pnc^/v^  +  (o^  -  h^)  sin^  ?;„c 
3^1  g  sin  Vnc  Tnc{ii  ,^1,0) 
sl^  sin  Pnc\/i^  +  (a^  -  h^)  sin^v„c 
ab  {sci  cos  V>ci  -  6}  (sin  Vnc  -  1)^  Tnc{(i ,  ,  4)  j 

in^Vnc  J 


+  ^cl 


3^^  sin  /3nc\/6^  +  (a^  -  h^)  sin^ 
3^1 6sin  V’ci  cos  r„c  r„c(6>’/i>  2) 


+ 


C(0 


32^  sin  /0„c\/6^  +  (o^  -  &^)  sin^Vn 
b  sin  Ipcl  {3ci6  cos  Ipcl  -  0^}  cos  Vnc  (sin  Vnc  -  1)  Tnc{i 
32^  sin  pric\l^  +  (a^  -  sin^  r, 

absinV^ci  (sint;„c  -  l)r„c(f 


i»^?i>4)  j 


(558) 


^i>»7i»2)| 

Vnc  j 


+  Pci 


+ 


3„c  sin  Pnc\J^  +  (o^  —  sin' 
sin  tI)ci  cos  Vnc  Tnciil ,  ,  2) 


I 

{— 3ci  5  si 

Snc  sin  Pnc +  (o^  “  sin^ 

^  f  ^cl  ^  sin  V^c  ^nc(^li  ^1?  0) 

\  Snc  sin  |5„cy/62  +  (^2  -  IP)  sin^  v„c 

-abcosipcl  (sint)ne  -  l)rne(6>^l»2)  1 
Snc  sin  Pncy/b^  +  {a?  -  P)  sin^v„c  j 


(559) 


respectively.  Tbe  coordinate  transformation  in  (544)  through  (546)  is  then  used  to 
transform  this  expression  into  the  global  coordinates  3o,  Po  and  V’o-  These  vectors 
along  with  the  dif&acted  field  parameters  derive  earlier  in  this  subsection  can  now  be 
used  to  calculate  the  field  diffracted  by  the  non-central  diffraction  points. 


2.2  Numerical  Calculation  of  the  Field  Scattered  by  an  El¬ 
liptic  Disk 

The  numerical  calculation  of  the  field  expressions  derived  in  Subsection  2.1  confirms 
the  uniformity  of  the  CC-UTD.  This  geometry  is  representative  of  a  typical  practical 
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problem.  This  subsection  is  devoted  to  the  numerical  calculation  of  the  field  scattered 
by  an  elliptic  disk. 

The  results  generated  in  this  subsection  will  be  presented  in  terms  of  the  scattered 
field.  The  field  scattered  by  an  object  is  given  by 


E\P)  =  E\P)  -  E'{P) 


(560) 


where  E^(P)  is  the  total  electric  field  and  E'{P)  is  the  incident  field.  It  is  important 
to  note  that  throughout  this  subsection,  E'{P)  is  the  incident  field  at  the  observation 
point  in  the  absence  of  the  object  and  not  the  incident  field  part  of  the  GO  field. 
Also,  the  scattered  field  components  will  be  normalized  using 


and 


—  4:irR^ 


<T^'s  =  47rJ?^ 


=  47ri2^ 


)8o  •  Hp) 


P'o  •  E^{P) 


^'o'E>{P) 


^o-E\P) 


(561) 


(562) 


(563) 


\fo’E'{P)\ 

which  are  consistent  with  the  definition  of  the  far-zone  radar  cross  section.  These 
results  are  converted  into  units  of  decibels  per  square  meter  (dBsm)  using 


<r(dBsm)  =  lOlogjoM 


(564) 


since  the  expressions  in  (561)  through  (563)  are  power  ratios  multiplied  by  length 
squared.  This  subsection  is  a  comparison  of  the  CC-UTD,  UTD  and  Moment  Method 
solutions.  The  MM  solution  used  to  determine  the  scattered  field  is  generated  using 
a  general  program  developed  by  Nehrbass,  Gupta  and  Newman  [37]. 

The  first  geometry  considered  here  is  the  plane  wave  scattering  by  an  elliptic  disk 
with  a  =  3,0  m  and  h  =  1.5  m.  Also,  the  incidence  angle  is  taken  to  be  =  45°  and 
the  observation  distance  is  12  =  2.5  m.  All  of  the  calculations  for  this  geometry  axe 
performed  at  a  frequency  of  300  MHz. 

It  is  easy  to  show  that  the  ISB’s  for  this  geometry  occur  at  ij)i  =  199.8959°  and 
“02  =  250.1041°  using  (528)  and  (529),  respectively.  Also,  the  RSB’s  for  this  geometry 
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occur  at  ^3  =  109.8959°  and  ^4  =  160.1041°  using  (534)  and  (535),  respectively. 
The  CB’s  for  the  elliptic  disk  occur  when  +  a  in  the  amplitude  spreading  factors 
approaches  zero.  Using  this  fact,  the  CB’s  of  Qco  are  found  using 

bsco  cos  +  bR  cos  =  0  (565) 

and  the  CB’s  of  Qd  are  found  using 

bsci  cos  ■0'  +  bR  cos  i/fo  —  b^  =  0  (566) 

where  each  of  these  must  be  solved  separately  for  cos  ijjo.  For  the  geometry  chosen 
here,  the  non-central  diffraction  points  only  coalesce  at  Qco*  Therefore,  using  (565) 
we  find  that 

25  cos^  “00  “  105  cos  00  -f  64  =  0  (567) 

must  be  solved  for  cos0o.  Solving  this  equation,  the  valid  root  is  cos0cbo  =  .73985 
which  results  in  CB’s  occurring  at  0cbo  =  42.2811°,  317.7189°. 

First,  the  scattered  field  comparison  of  the  /9o  component  is  discussed.  The  CC- 
UTD,  UTD  and  MM  solutions  are  computed  and  shown  in  Figure  57.  This  component 
is  discussed  first  because  it  is  effected  the  least  by  slope  diffraction  and  double  diffrac¬ 
tion  effects.  It  is  seen  from  Figure  57  that  the  CC-UTD  solution  is  not  only  bounded, 
but  also  smooth  and  continuous  across  the  caustics.  Also,  the  CC-UTD  solution 
smoothly  reduces  to  the  classical  UTD  solution  away  from  the  caustics  as  expected. 
There  is  excellent  agreement  between  the  CC-UTD  solution  and  the  MM  solution 
throughout  the  pattern. 

Next,  the  scattered  field  comparison  of  the  So  and  0o  components  are  discussed. 
The  CC-UTD,  UTD  and  MM  solutions  are  computed  and  shown  in  Figure  58  for  the 
So  component.  First,  the  So  component  shown  in  Figure  58  is  highly  dependent  on 
slope  diffraction  near  the  incident  and  reflection  shadow  boundaries.  Also,  double 
dif&action  plays  an  important  role  near  grazing  to  the  disk.  However,  these  effects 
have  been  neglected  in  these  calculations.  The  scattered  field  in  the  caustic  regions 
is  dominated  by  the  coalescing  diffraction  points.  This  fact  can  be  seen  in  Figure  58. 
The  field  predicted  by  the  CC-UTD  near  the  caustics  is  in  excellent  agreement  with 
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Figure  57:  Scattered  field  comparison  of  the  Po  component  in  the  y-z  plane  of  an 
elliptic  disk  with  a  =  3.0  m,  5  =  1.5  m,  an  observation  distance  of  il  =  2.5  m  and  an 
incidence  angle  of  V’o  =  45°  at  a  frequency  of  300  MHz. 


(Degrees) 

Figure  58:  Scattered  field  comparison  of  the  So  component  in  the  y-z  plane  of  an 
elliptic  disk  with  a  =  3.0  m,  6  =  1.5  m,  an  observation  distance  of  J2  =  2.5  m  and  an 
incidence  angle  of  =  45°  at  a  frequency  of  300  MHz. 
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Figure  59:  Scattered  field  comparison  of  the  “ifio  component  in  the  y-z  plane  of  an 
elliptic  disk  with  a  =  3.0  m,  5  =  1.5  m,  an  observation  distance  of  jR  =  2.5  m  and  an 
incidence  angle  of  =  45°  at  a  frequency  of  300  MHz. 

the  MM.  Also,  the  CC-UTD  solution  smoothly  reduces  to  the  classical  UTD  solution 
away  from  the  caustics.  The  inclusion  of  the  slope  diffraction  terms  would  greatly 
improve  the  scattered  field  near  the  incident  and  reflection  shadow  boundaries.  Also, 
the  inclusion  of  the  double  diffraction  terms  would  improve  the  scattered  field  near 
grazing  angles.  However,  not  including  these  terms  is  consistent  with  the  assumptions 
of  the  classical  UTD.  Next,  Figure  59  shows  the  ipo  component  of  the  scattered  field 
predicted  using  the  CC-UTD,  UTD  and  MM.  Slope  diffraction  has  little  effect  for 
this  polairization,  but  double  diffraction  has  a  noticeable  effect  near  grazing  angles. 
However,  the  scattered  field  in  the  caustic  regions  is  dominated  by  the  coalescence 
of  diffraction  points.  These  effects  can  be  seen  from  Figure  59.  First,  the  CC- 
UTD  solution  is  smooth  and  continuous  across  the  incident  and  reflection  shadow 
boundaries  and  in  good  agreement  with  the  MM.  Near  the  caustics,  the  CC-UTD 
solution  is  again  smooth  and  continuous  and  in  excellent  agreement  with  the  MM. 
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One  of  the  advantages  of  ray  optical  solutions  is  the  computational  speed  of  these 
solutions.  All  three  of  these  polarization  components  where  run  at  the  same  time  using 
the  general  MM  program  developed  by  Nehrbass,  Gupta  and  Newman  [37].  For  this 
geometry,  the  MM  solution  was  run  on  a  Silicon  Graphics  Indigo/R4K  workstation 
and  required  2  hours,  27  minutes  and  8.31  seconds  to  compute.  However,  these  three 
scattered  field  components  for  the  CC-UTD  and  UTD  solutions  were  run  concurrently 
on  the  same  computer  and  required  only  3.92  seconds  to  compute.  This  is  a  distinct 
improvement  in  computational  efficiency. 

It  is  now  of  interest  to  study  the  effects  of  the  different  approximate  solutions 
discussed  in  Section  5  of  Chapter  7.  For  the  sake  of  discussion,  the  first  approx¬ 
imate  solution  discussed  in  Section  5  of  Chapter  7  will  be  denoted  by  CC-UTDi. 
The  CC-UTDi  solution  assumes  that  the  edge  is  parabolic  in  shape  near  the  cen¬ 
tral  diffraction  point.  Also,  the  second  approximate  solution  discussed  in  Section  5 
of  Chapter  7  will  be  denoted  by  CC-XJTD2.  This  solution  assumes  that  the  msm 
contribution  to  the  diffracted  field  comes  &om  two  specific  integrals  and  the  rest  are 
negligible. 

The  CC-UTD,  CC-UTDi,  CC-UTD2  and  MM  solutions  are  compared  in  the  y-z 
plane  of  an  elliptic  disk  with  a  =  3.0  m,  6  =  1.5  m,  an  observation  distance  of  R  =  2.5 
m  and  an  incidence  angle  of  =  45°  at  a  frequency  of  300  MHz.  The  comparisons  of 
these  solutions  for  the  So,  Po  and  components  are  shown  in  Figures  60,  61  and  62; 
respectively.  As  expected  there  is  a  negligible  difference  between  the  CC-UTD  and 
CC-UTDi  solutions.  This  is  expected  because  the  diffracted  fields  depend  on  the 
local  geometry  of  the  diffraction  point.  Therefore,  the  leading  term  of  the  Taylor 
series  about  the  diffraction  point  accurately  describes  the  edge  and  all  others  can  be 
neglected.  However,  the  difference  between  the  CC-UTD  and  CC-UTD2  solutions  is 
larger.  This  occurs  because  different  contributions  to  the  diffracted  field  have  been 
neglected.  These  solutions  differ  very  little  in  the  caustic  regions  and  are  still  in  good 
agreement  with  the  MM  solution. 

Although  Figures  60  though  62  show  that  these  three  approximate  solutions  agree 
very  well  with  the  MM  solution,  the  differences  between  the  CC-UTD,  CC-UTDi  and 
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Figure  60:  Scattered  field  approximation  comparison  of  tlie  to  component  in  the  y-z 
plane  of  an  elliptic  disk  with  a  =  3.0  m,  fc  =  1.5  m,  an  observation  distance  of  i2  =  2.5 
m  and  an  incidence  angle  of  ■0o  =  45°  at  a  frequency  of  300  MHz. 


CC-UTD2  are  of  interest.  To  better  illustrate  this,  the  percent  difference  between 
these  three  solutions  will  be  defined  as 


P. 


K  ■  {#(P)  -  g*(P)} 


X  100% 


for  the  So  components, 


P^  = 


X  100% 


for  the  ^o  components  and 


^o'{ 

i*(P)  -  E, 

|fe.#(0) 

X  100% 


(568) 


(569) 


(570) 


for  the  ■0O  components.  Also,  E*{P)  is  the  scattered  field  predicted  by  the  CC-UTD 
solution,  E"{P)  is  the  approximate  scattered  field  predicted  by  either  the  CC-UTDi  or 
the  CC-UTD2  solution  and  .F*(0)  is  the  incident  field  at  the  origin.  First,  the  percent 
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Figure  61:  Scattered  field  approximation  comparison  of  the  component  in  the  y-z 
plane  of  an  elliptic  disk  with  a  =  3.0  m^  b  =  1.5  m,  an  observation  distance  of  =  2.5 
m  and  an  incidence  angle  of  =  45°  at  a  frequency  of  300  MHz. 

difference  between  the  CC-UTD  and  CC-UTDi  is  shown  in  Figure  63.  This  figure 
shows  that  for  the  So  and  ij^o  components  of  the  scattered  field,  these  solutions  differ 
by  less  than  0.4%.  Also,  this  approximation  only  simplifies  the  field  in  the  caustic 
shadow  region  for  these  components.  Therefore,  there  is  no  difference  between  these 
solutions  in  the  caustic  lit  region  for  these  scattered  field  components.  This  figure 
also  shows  that  for  the  component  of  the  scattered  field,  these  solutions  differ  by 
less  than  0.5%  in  the  caustic  shadow  region  and  4%  in  the  caustic  lit  region.  In  most 
cases  of  interest,  these  differences  are  negligible  and  this  approximate  solution  should 
be  used.  Also,  the  percent  difference  between  the  CC-UTD  and  CC-UTD2  is  shown 
in  Figure  64.  This  figure  shows  that  the  difference  between  the  CC-UTD  solution  and 
the  CC-UTD2  is  less  than  8%.  Although  this  difference  is  greater  than  that  of  the 
CC-UTD  1  solution,  it  is  a  much  simpler  solution  to  apply.  Therefore,  this  solution 
should  be  used  first  and  then  refined  later  if  the  need  arises.  However,  this  solution 
should  be  accurate  enough  for  most  practical  problems. 


195 


(Degrees) 

Figure  62:  Scattered  iield  approximation  compcirison  of  the  component  in  the  y-z 
plane  of  an  elliptic  disk  with  a  =  3.0  m,  &  =  1.5  m,  an  observation  distance  oiR  =  2.5 
m  and  an  incidence  angle  of  V;'  =  ^  frequency  of  300  MHz. 

The  next  geometry  considered  here  is  the  plane  wave  scattering  by  a  circular  disk 
with  a  =  h  —  2.5  m.  Also,  the  incidence  angle  is  taken  to  be  •0'  =  70°  and  the 
observation  distance  is  i?  =  5.0  m.  All  of  the  calculations  for  this  geometry  are 
performed  at  a  frequency  of  300  MHz.  This  geometry  is  interesting  in  that  a  circular 
disk  is  a  typical  geometry  studied  using  high  frequency  techniques. 

It  is  easy  to  show  that  the  ISB’s  for  this  geometry  occur  at  =  221.9757°  and 
•02  =  278.0243°  using  (528)  and  (529),  respectively.  Also,  the  RSB’s  for  this  geometry 
occur  at  03  =  81.9757°  and  04  =  138.0243°  using  (534)  and  (535),  respectively.  The 
CB’s  of  diffraction  point  Qeo  are  found  by  solving  (565)  and  are  0cbo  =  109.1656°, 
250.8344°.  Similarly,  the  CB’s  of  dif&action  point  Qd  are  found  by  sol'ving  (566)  and 
are  0cbi  =  116.4425°,  243.5575°. 

Again,  the  scattered  field  comparison  of  the  fio  component  is  discussed  first  because 
this  component  is  effected  the  least  by  slope  dif&action  and  double  dif&action  effects. 
The  CC-UTD,  UTD  and  MM  solutions  are  computed  and  shown  in  Figure  65.  It  is 
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Figure  63:  Percent  scattered  field  difference  between  the  CC-UTD  and  CC-UTDi 
solutions  in  the  y-z  plane  of  an  elliptic  disk  with  a  =  3.0  m,  b  =  1.5  m,  an  observation 
distance  of  i?  ==  2.5  m  and  an  incidence  angle  of  ^0^  =  45^  at  a  frequency  of  300  MHz. 
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Figure  64:  Percent  scattered  field  difference  between  the  CC-UTD  and  CC-UTD2 
solutions  in  the  y-z  plane  of  an  elliptic  disk  with  a  =  3.0  m,  6  =  1.5  m,  an  observation 
distance  of  .R  =  2.5  m  and  an  incidence  angle  of  ib'  =  45°  at  a  frequency  of  300  MHz. 


(Degrees) 

Figure  65:  Scattered  field  comparison  of  the  0o  component  in  the  y-z  plane  of  a 
circular  disk  with  a  =  b  =  2.5  m,  an  observation  distance  of  R  =  5.0  m  and  an 
incidence  angle  of  =  70°  at  a  frequency  of  300  MHz. 
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Figure  66:  Scattered  field  comparison  of  tlie  So  component  in  the  y-z  plane  of  a 
circular  disk  with  a  =  b  =  2.5  m,  an  observation  distance  of  =  5.0  m  and  an 
incidence  angle  of  =  70°  at  a  frequency  of  300  MHz. 

seen  from  Figure  65  that  the  CC-UTD  solution  is  not  only  bounded,  but  also  smooth 
and  continuous  across  the  caustics.  Also,  the  CC-UTD  solution  smoothly  reduces 
to  the  classical  UTD  solution  away  from  the  caustics  as  expected.  However,  the 
scattered  field  in  the  caustic  regions  is  about  3  dB  below  the  result  predicted  using 
the  Method  of  Moments.  This  can  be  attributed  to  the  CB’s  of  Qco  and  Qd  being 
close  together.  In  order  to  obtain  a  more  accurate  result,  all  four  di&action  points 
shordd  be  accounted  for  in  the  uniform  asymptotic  expansion.  This  would  result  in  a 
solution  that  contains  Swallowtail  integrals  [38]. 

Next,  the  scattered  field  comparison  of  the  So  and  if^o  components  are  discussed. 
The  CC-UTD,  UTD  and  MM  solutions  are  computed  and  shown  in  Figure  66  for 
the  So  component.  First,  the  So  component  shown  in  Figure  66  is  dependent  on 
slope  diffraction  near  the  incident  and  refiection  shadow  boundaries.  Also,  double 
diffraction  plays  an  important  role  near  grazing  to  the  disk.  However,  these  effects 
have  been  neglected  in  these  calculations.  The  scattered  field  in  the  caustic  regions 
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Figure  67:  Scattered  field  comparison  of  the  component  in  the  y-z  plane  of  a 
circular  disk  with  a  =  6  =  2.5  m,  an  observation  distance  of  R  =  5.0  m  and  an 
incidence  angle  of  =  70°  at  a  frequency  of  300  MHz. 

is  dominated  by  the  coalescing  diffraction  points.  This  fact  can  be  seen  in  Figure  66. 
The  field  predicted  by  the  CC-UTD  near  the  caustics  is  in  excellent  agreement  with 
the  MM.  Also,  the  CC-UTD  solution  smoothly  reduces  to  the  classical  UTD  solution 
away  from  the  caustics.  The  inclusion  of  the  slope  diffraction  terms  would  greatly 
improve  the  scattered  field  near  the  incident  and  reflection  shadow  boundaries.  Also, 
the  inclusion  of  the  double  diffraction  terms  would  improve  the  scattered  field  near 
grazing  angles.  However,  not  including  these  terms  is  consistent  with  the  assump¬ 
tions  of  the  classical  UTD.  Next,  Figure  67  shows  the  component  of  the  scattered 
field  predicted  using  the  CC-UTD,  UTD  and  MM  solutions.  Slope  diffraction  has 
little  effect  for  this  polarization,  but  double  diffraction  has  a  noticeable  effect  near 
grazing  angles.  However,  the  scattered  field  in  the  caustic  regions  is  dominated  by 
the  coalescence  of  diffraction  points.  These  effects  can  be  seen  from  Figure  67.  First, 
the  CC-UTD  solution  is  smooth  and  continuous  across  the  incident  and  reflection 
shadow  boundaries  and  in  good  agreement  with  the  MMl  Near  the  caustics,  the  CC- 
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UTD  solution  is  again  smooth  and  continuous,  but  about  3  dB  below  the  scattered 
field  predicted  by  the  Method  of  Moments. 

One  of  the  advantages  of  ray  optical  solutions  is  the  computational  speed  of  these 
solutions.  AU  three  of  these  polarization  components  where  run  at  the  same  time  using 
the  general  MM  program  developed  by  Nehrbass,  Gupta  and  Newman  [37].  For  this 
geometry,  the  MM  solution  was  run  on  a  Silicon  Graphics  Indigo/R4K  workstation 
and  required  2  hours,  7  minutes  and  38.23  seconds  to  compute.  However,  these  three 
scattered  field  components  for  the  CC-UTD  and  UTD  solutions  were  run  concurrently 
on  the  same  computer  and  required  only  6.24  seconds  to  compute.  This  is  a  distinct 
improvement  in  computational  efficiency. 
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SECTION  9 
Conclusion 


The  high  frequency  electromagnetic  field  near  the  cusp  of  a  caustic  has  been  investi¬ 
gated.  New  caustic  corrected  UTD  solutions  have  been  developed  to  obtain  fast  and 
accurate  results.  These  solutions  also  lead  to  valuable  physical  insight  into  the  nature 
of  the  electromagnetic  fields  near  the  cusp.  The  Incremental  Theory  of  Diffraction 
(ITD)  has  been  used  to  obtain  the  ray  optical  solutions  in  this  work.  These  solutions 
use  the  GO  fields  found  using  classical  GO  techniques  and  a  caustic  corrected  UTD 
diffracted  field  is  used  to  correct  the  GO  fields.  These  solutions  predict  fields  which 
are  smooth  and  continuous  through  the  diffracted  field  caustics  and  reduce  to  the 
classical  UTD  solution  away  from  the  caustics. 

A  caustic  corrected  UTD  solution  for  the  radiation  by  a  source  on  a  flat  plate  is 
derived  in  Chapter  5.  The  CC-UTD  diffracted  field  in  the  caustic  lit  region  is  found 
to  be 

^  ^  — r.  /-■ 

eV)  ~  b‘(Q,)-d  (c3c)v//(c?J-^ 

- T.  r  . . 

-h  ) . D  (Q+)V^(C?„c) 

_ r  / -  fi—jkRnc 

+  E\Q-^) .  D  ((?-)v//(Qnc)  (571) 

where  the  dyadic  diffraction  coefficients  for  the  central  and  non-central  diffraction 


points  are 

(572) 

and 

(573) 
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respectively.  The  diffraction  coefficient  Dh{Qe)  is  identical  to  the  UTD  half-plane 
diffraction  coefficient  for  the  hard  polarization.  Also,  the  caustic  correction  transi¬ 
tion  functions  rc(^,0)  and  Tnc{(,Tf,0)  are  defined  in  (656)  and  (656)  of  Appendix  B, 
respectively.  The  CC-UTD  diffracted  field  in  the  caustic  shadow  region  is  found  to 
be 


E^(P)  ~ 

’^jkR 

+  Ef(Qc)-V  (574) 

where  the  dyadic  diffraction  coefficients  at  the  central  diffraction  point  are 

^  {Qc)  =  (575) 


and 

^ (Qc)  =  -i^'^VH(Qc)T,(i,‘2.) .  (576) 


The  caustic  correction  transition  functions  rg(^,0)  and  r,(^,2)  are  defined  in  (674)  of 
Appendix  B.  Also,  Dh(Qc)  is  the  UTD  half-plane  diffraction  coefficient  for  the  hard 
polarization  and 


Vh(Qc) 


/(ft)  f 

2jk  \  dP 


+  <t2(ft)sm“^.  -  jC(t))} 


(577) 


is  a  curvature  dependent  diffraction  coefficient.  These  equations  can  now  be  used  to 
calculate  the  field  on  the  both  sides  of  the  diffracted  field  caustic  when  the  source  is 
located  on  the  face  of  the  plate. 

Chapter  7  is  a  derivation  of  a  CC-UTD  solution  for  cases  when  the  near-zone 
point  is  not  located  on  the  face  of  the  plate.  Although  a  complete  CC-UTD  solution 
is  derived,  it  is  shown  that  a  very  simple  approximate  solution  is  accurate  enough 
for  most  practical  problems.  This  approximate  CC-UTD  diffiracted  field  solution  is 
written  as 


E'^(P)  ~  #(Qc)-I>  (Qc) 


/(<?.) 


[f^(Qc)  +  8c] 


-jksc 
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(678) 


+  •  -p  (Gi)  J  [/(c  j + '«! 


+  £■((?-)  •  D  (Q- )  J  ^  ^  J 


/(0~) 


-jiar 


in  the  caustic  lit  region,  where 


:^(Qc) «  -$%Ds{Qc)Tc{i,0)-‘$'ADh{Qc)Tc{m 

is  the  dyadic  diffraction  coefficient  for  the  central  diffracted  field  and 

a's 

sl^  sin  I3nc 

^ -  f  ~^C  [e  (Qnc)  •  3c] 

mim  y  ^  ■■■■  — 


(579) 


D  (Q„c)  «  I  '  I 


-V-Vc 


^„an, 


Dk(Q^)T„((,v,0)  (580) 


is  the  dyadic  diffraction  coefficient  for  the  non-central  diffracted  fields.  This  approx¬ 
imate  CC-UTD  diffracted  field  solution  is  written  as 


E‘^{P)  ~  E%Qc)-D  iQc) 

in  the  caustic  shadow  region,  where 


p^m 


o-jksc 


\P^{Qc)  +  «c] 

AQ.' 


1p‘'(Gc) 


)  +  «c]  J 


k-jksc 


(581) 


(582) 


^{Qc)  «  -$%D,{Qc)Z{i,0)  -  f'^cDh{Qc)Ts{^,0) 
is  the  dyadic  diffraction  coefficient  for  the  central  diffracted  field  and 

r«3.)  «  -m(|g^,“(G.)+4 

X  [C(!.)-4Kj{Q.)]Z),(QjjT,(f,2) 

X  [C(; J  -  4x|(«,)]  Dkm)T,((.  2)  (583) 

is  the  dyadic  diffraction  coefficient  for  the  curvature  dependant  central  diffracted  field. 
Again,  Ds,h{Qe)  are  the  UTD  half-plane  diffraction  coefficients. 
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There  are  several  restrictions  on  the  use  of  the  CC-UTD  solutions.  First,  the  edge 
of  the  flat  plate  must  be  symmetric  about  an  axis  and  the  source  and  observation 
points  must  lie  in  the  plane  of  symmetry.  This  ensures  that  the  diffraction  points 
are  symmetrically  located.  It  is  also  important  to  note  that  the  caustic  boundaries 
should  not  be  close  to  the  incident  or  reflection  shadow  boundaries.  The  CC-UTD 
solutions  begin  to  break  down  as  these  boundaries  approach  each  other  because  only 
the  diffracted  field  contribution  of  the  ITD  is  integrated.  In  these  cases,  the  PC 
integral  minus  its  edge  contribution  can  no  longer  be  approximated  by  the  GO  field. 

These  solutions  have  been  applied  to  two  different  problems  in  order  to  show  their 
accuracy  and  practicability.  The  first  problem  is  the  radiation  by  a  short  monopole 
mounted  in  the  center  of  an  elliptic  disk.  The  directive  gain  of  this  antenna  has 
been  calculated  using  the  CC-UTD,  UTD  and  MM  solutions.  These  patterns  were 
compared  and  shown  to  be  in  good  agreement.  The  other  problem  considered  was  the 
bistatic  scattering  by  a  plane  wave  incident  on  an  elliptic  disk.  The  bistatic  scattering 
patterns  have  been  generated  using  the  CC-UTD,  UTD  and  MM  solutions.  These 
scattering  patterns  were  compared  and  shown  to  be  in  good  agreement. 

Several  generalizations  of  these  restilts  can  be  performed  in  future  research  endeav¬ 
ors.  First,  the  coalescence  of  two  diffraction  points  can  be  investigated  using  the  ITD 
and  the  uniform  asymptotic  expansion  of  Chester,  Friedman  and  Ursell  [18].  Also, 
three  unequally  spaced  and  nearly  coincident  diffraction  points  can  be  investigated. 
This  can  be  accomplished  using  the  ITD  and  the  uniform  asymptotic  expansions 
in  [38,  39,  40,  41].  These  expansions  involve  the  Peaxcey  integral  [42]  and  its  deriva¬ 
tives.  These  functions  can  be  computed  using  the  small  and  large  argument  formulas 
found  in  [41,  43,  44,  45]. 


206 


Appendix  A 

Auxiliary  Integral  Evaluation 


Three  different  auxiliary  integrals  are  encountered  in  the  evaluation  of  the  incremental 
difeacted  field  as  shown  in  Chapter  3.  These  integrals  are  identical  to  those  defined 
by  Michaeli  in  the  appendix  of  [21,  22].  The  closed  form  evaluation  of  these  auxiliary 
integrals  is  performed  in  this  appendix  using  the  same  procedure  as  the  one  described 
by  Michaeli  in  [21,  22].  It  is  important  to  note  that  the  purpose  of  Chapter  3  is  to 
obtain  an  expression  for  the  field  diffracted  by  an  infinitesimal  length  of  the  edge  of 
a  wedge.  Therefore,  the  contribution  from  the  lower  limit  of  the  auxiliary  integrals  is 
to  be  determined.  To  illustrate  this  fact,  only  the  lower  limit  of  these  integrals  will 
be  displayed  throughout  this  appendix. 

The  first  integral  treated  here  as  given  by  (46)  of  Chapter  3  is 


Ui=  (584) 

0 

where  the  integral  representation  of  as  given  by  (31)  of  Chapter  3 


and 


Gh{0  = 


(n) 


(585) 


(586) 


cos  (J)- cos  (2^) 

is  to  be  used  here.  The  contour  of  integration  in  (585)  is  shown  in  Figure  68.  To  begin 
the  evaluation  of  (584)  we  wish  to  perform  the  integration  in  X  first  because  of  its 
simplicity.  However,  care  must  be  taken  when  interdian^ng  the  order  of  integration 
in  (584).  The  order  of  integration  can  only  be  changed  if  the  integral  on  X  converges 
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Figure  69:  Deformed  contour  of  integration  for  the  total  field  in  the  presence  of  a 
wedge. 

at  X  — >  +00  for  all  ^  on  the  contour  of  integration  in  the  ^  plane.  This  condition  is 
not  satisfied  on  the  contour  F.  However,  deforming  the  contour  of  integration  from 
r  to  r'  as  shown  in  Figure  69  will  ensure  convergence.  Figure  69  shows  that  several 
poles  of  the  integrand  are  crossed  when  the  contour  of  integration  is  deformed  to  F'. 
Therefore,  including  the  residue  contributions  from  these  poles,  (585)  becomes 

ZTTjn  J  ^ 

r' 

where  the  roots  of 

—  cos  ®  (588) 

in  the  interval  0  <  <  tt.  Substituting  (587)  into  (584)  we  obtain  an  expression 

Ur=  f  —  /  GhU)  didX  +  Y.f  (589) 

{  m  { 
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Figure  70:  Deformed  contour  of  integration  enclosed  at  infinity, 
which  will  allow  us  to  interchange  the  order  of  integration 

^  f  f  GhiO  dX  de  +  E  /  (590) 

{  m  { 

Since  the  convergence  of  the  integral  is  now  ensured,  the  integration  with  respect  to 
X  is  performed 


Pj  = _ L  f  ^>^(0  g3Jf(«»€+c)  ^  1  y' 

2xny  +  +  ^  cosf, 


_o  pi-X’(cosfTO+C) 


+  C  0 


which  results  in 


d^  +  E  — i — 

COS^  +  C  m  COS^,„4-C 


(591) 


(592) 


as  the  contribution  from  the  edge.  The  remaining  integral  can  be  evaluated  by  enclos¬ 
ing  the  contour  F'  at  infinity  as  shown  in  Figure  70.  The  Cauchy  Residue  Theorem 
can  be  applied  by  including  the  poles  at  and  the  additional  pole  at 


=  cos  ^(— C)  =  IT  —  cos  ^  ^  =  TT  —  a 


(593) 
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enclosed  by  the  contour  of  integration.  To  completely  determine  the  pole  at  ^ 
we  must  define  cos“^  For  any  real 


a  =  cos 


c  =  -jb(c  +  v'<^-i) 


(594) 


where  the  proper  branch  of  the  square  root  is 


^  -\V^\ 

y/C^ -I  =  \  j\y/C^\  ;if-l<C<l 


(595) 


;  if  C  >  1 


and  the  principal  branch  of  ln(0)  is  used.  That  is  ln(z)  =  bi|^^|  +  j  3xg(2:)  where  0  < 
arg(z)  <  TT.  Now  that  the  pole  is  completely  defined,  the  evaluation  of  (592)  can  be 
completed.  Using  the  Cauchy  Residue  Theorem  including  the  indicated  poles,  (592) 


J  Sin  a 


where 


Glia) 


cos  ('^)-cos  {^) 


(596) 


•  ("^)1 

is  a  hard  diffraction  coefficient  in  the  spectral  donaain.  This  conoipletes  the  closed 
form  evaluation  of  the  edge  contribution  of  I7i. 

The  second  integral  as  given  by  (47)  of  Chapter  3  is 


(598) 


where  u(X,^')  is  given  by  (585).  To  make  the  differentiation  with  respect  to  X 
simpler,  we  recognize  that  this  integral  is  easier  to  evaluate  if  we  use  integration-by- 
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parts.  Using  integration-by-paxts,  (598)  becomes 


U2  =  u{X,  Ip')  1^  -  y  u{X,  Ip')  ^  dX 

0 

=  —jC  j  u^X,^)')  dX  —  «(0,  if') 


(599) 


where  we  recognize  the  integral  as  Ui  and  (  =  cos  a  from  (594).  Therefore,  we  obtain 


where 


U2  =  —  j  cos  aUl—  ‘ii(0,  V’O 


u{o,if')  =  - 

u 


(600) 


(601) 


from  the  eigenfunction  solution  in  (30)  of  Chapter  3.  Thus,  substituting  (596) 
and  (601)  into  (600)  we  arrive  at 


U2  =  -coi  a  Gl{a)-- 

n 

where  again  G^{a)  is  a  hard  diffraction  coefficient  in  the  spectral  domain. 
Finally,  the  third  integral  as  given  by  (48)  of  Chapter  3  is 


(602) 


(603) 


where  u(X,  if')  is  given  by  (585).  The  evaluation  of  U3  begins  with  the  evaluation  of 
the  derivative  of  u{X,if')  with  respect  to  if'.  Again,  we  wish  to  use  integration-by- 
parts  to  make  the  evaluation  easier.  Therefore  if  we  recognize 

1  ^  1  f\S  1 

X  a^6'  iTjnx  J  \eii' ^ 


2., s/{|  <'•«)} 


where 


GsiO  = 


(604) 


(605) 


cos  (fj-cos  (y 

we  obtain  a  form  that  can  be  integrated  by  parts.  Using  integration-by-parts,  (604) 


becomes 


1  du{X,if') 
X  dif' 


2irjnX 


G,«)  e- 


jX  cosf 


I— jr+jcx> 
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=  (606) 

r 

and  it  is  important  to  recognize  that  the  value  of  the  integrand  at  ±x  +  joo  is  zero. 
Again,  the  contour  of  integration  is  deformed  from  T  to  F'  to  ensure  convergence. 
Including  the  residue  contributions  from  the  poles  that  are  crossed, 


1  du{X,if}') 
X 


-1 

2xn 


+  E 


^jX  COS^yn 


sin  (rn  sin  ( 

'iL] 

/ 

sin  1 

^  n  i 

) 

(607) 


which  is  now  in  a  form  that  allows  us  to  interchange  the  order  of  integration.  Substi¬ 
tuting  (607)  into  (603)  we  obtain 


0  Y* 


where  by  interchanging  the  order  of  integration 

-1 

i 

r'  0 


+ 


sin^m* 

>in  1 

V  n  / 

sin  1 

^  n  > 

) 

The  integration  with  respect  to  X  is  performed, 

rr  ^  _ZL 

‘'^jnJ  cos£-l-C 


dC 


2rjn  J  cos  C  +  C 

r' 


sin  (^){cos^,„-f  C} 


resulting  in 


sin^GsiO 
2irjn  y  cos  C  +  C 


di  +  T>- 


j  sinU  sin  (^) 


sin(^){cos^,„-l-C} 


(608) 


(609) 


(610) 


(611) 
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as  the  edge  contribution  of  U3.  Enclosing  the  contour  at  infinity  as  shown  in  Figure  70 
and  using  the  Cauchy  Residue  Theorem, 


Uz 


^  -j  sin  sia  (^)  ,  ■  ^  i  »in 

”  +  c}  *  "I  + 


=  OtM 


(612) 


where 


is  a  soft  diffraction  coefficient  in  the  spectral  domain. 

The  expressions  for  Ui,  U2  and  Uz  obtained  here  are  identical  to  those  reported 
by  Michael!  [21,  22].  It  is  seen  that  for  aU  three  integrals,  the  results  are  proportional 
to  the  soft  and  hard  diffiaction  coefficients  corresponding  to  the  0-face  as  expected. 
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Appendix  B 

Uniform  Asymptotic  Expansions 
for  Evaluating  Integrals  with 
Three  Collinear  and  Equally 
Spaced  Stationary  Phase  Points 


The  problem  of  asymptotically  evaluating  an  integral  near  a  cusp  requires  a  uniform 
asymptotic  expansion  for  an  integral  with  three  coalescing  stationary  phase  points. 
The  method  used  here  was  first  presented  by  Chester,  Friedman  and  Ursell  [18]  who 
derived  a  uniform  asymptotic  expansion  for  a  contour  integral  with  two  coalescing 
saddle  points.  This  method  was  later  extended  by  Blastein  [39]  to  include  many 
saddle  points  and  algebraic  singularities.  Later,  Ursell  [40]  confirmed  Bleistein’s  result 
with  more  mathematical  rigor.  Most  recently,  this  method  was  studied  by  Martin  [46] 
to  accurately  determine  the  regions  of  validity  of  these  uniform  as3nmptotic  expansions. 
An  expansion  similar  to  the  one  derived  here  can  be  found  in  [47,  48]  except  only 
the  leading  term  is  retained  there.  Also,  the  arguments  of  certain  quantities  are  left 
undefined.  The  expansion  derived  here  retains  the  first  two  non- vanishing  terms  and 
completely  defines  all  quantities. 

1  Canonical  Integral  Mapping 

Let  us  consider  an  integral  of  the  form 

oo 

ImiK)  =  j{z-  zcrg{z)e^^f^^^dz  (614) 
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where  g(z)  is  a  smooth,  slowly  varying  and  even  function  of  z  about  z  =  Zc  such 
that  g{zc)  ^  0  and  f^z)  has  three  equally  spaced,  coUinear  stationary  phase  points  at 
=  (-Znc,  +Znc)  defined  such  that  f'(zg)  =  /“(!,)  =  0.  The  subscripts  c  and  nc 
are  used  to  denote  the  central  and  non-central  stationary  phase  points,  respectively. 
It  is  also  assumed  that  jfiT  is  a  large  real  number  and  m  is  a  real  and  even  integer 
greater  then  or  equal  to  0. 

This  integral  must  be  mapped  to  an  integral  with  the  simplest  possible  phase 
function  that  has  the  same  critical  point  structure  as  the  initial  integral.  We  begin 
by  making  the  substitution 

f{z)  =  F{t)  =  fit*  -H  2riat‘^  +  b  (615) 

where  fi  —  sgn  {/‘''(zc)}  and  rj  =  sgn{/"(zc)}-  It  is  clearly  seen  that  F{t)  has 
three  equally  spaced,  coUinear  stationary  phase  points  at  =  (— tncjtc+tnc)  = 

0,  +^-HTja). 

The  constants  a  and  b  must  now  be  determined.  To  do  so,  we  require  that  the 
stationary  phase  points  in  the  t  plane  coalesce  when  the  stationary  phase  points  in 
the  z  plane  coalesce.  Therefore,  if  we  map  f{zg)  F{tg)  we  get 

b  =  f{zc)  (616) 

and 

O  =  ±V'l/(*«)  -  /(».)!  (617) 

where  the  sign  of  a  must  be  determined.  Two  conditions  must  be  satisfied  in  order  to 
completely  determine  the  sign  of  o.  U  fi  and  rj  have  the  same  sign,  f{z)  has  one  real 
stationary  phase  point  and  two  complex  conjugate  stationary  phase  points.  Also,  if 
fi  and  7j  have  opposite  signs,  f{z)  has  three  real  stationary  phase  points.  Enforcing 
these  conditions  on  F[t)  we  find 

a  =  \/fM  -  /(^c)  .  (618) 

To  properly  map  {z  —  Zc)”'g{z)  to  the  t  plane,  we  maJce  the  substitution 

=  (619, 
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which  results  in  the  integral 

oo 

Im{K)  =  J  (620) 

—  OP 

where  Gm{i)  is  an  analytic  function  of  t.  Gm{t)  must  be  expanded  in  a  series  to 
obtain  a  uniform  asymptotic  expansion  of 


2  A  Uniform  Asymptotic  Expansion  Using  the 
Chester,  Friedman  and  Ursell  Technique 

Since  Gmi^)  is  an  analytic  function,  we  can  expand  it  in  terms  of  the  power  series 

Gm{t)  =  +  +  ^VO’iT 

n=0 

=  ao  +  hot  +  +  47/at)  (621) 

n=l 

where  a„,  6„  and  Cn  must  be  determined.  Substituting  this  into  (620)  we  obtain 
Jm{K)  ~  Co  J  +  6o  J  +  Co  J 


— oo 
“  OO 


+  /  E  (<^.  +  M  +  +  4,af (622) 


-oo  n=l 


where  the  last  term  is  the  remainder  of  the  asymptotic  expansion  and  will  be  given 

by 

=  /  E(“"  +  ‘»*  +  (623) 

—  00 

If  we  now  define  the  canonical  integral  as 

OO 

Jk{K)  =  J  (624) 

— oo 

(622)  is  pven  by 

Ir,{K)  -  aoMK)  +  boJmMK)  +  coJmMK)  +  (625) 

We  now  want  to  reduce  the  canonical  integral  Jk(K)  to  a  standard  form.  Making 
the  variable  substitutions 

—j2Kria 


c  = 


‘s/—j2Kii 


-  fMi 


gi(fi-2ij)ir/4 


(626) 
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and 


(627) 


in  (624)  and  deforming  the  contour  of  integration  back  to  the  real  axis  we  obtain  the 
integral 

^}K}{zc)^ei2  ?  . 

(628) 


I  •t^v' ..\(k4-\\lA  y  ^  ® 


(-i2ii:p)(*+i)/^_ 

A  Parabolic  Cylinder  function  of  order  —u  and  argument  i  is  defined  by  [47,  48] 

2efV4  “ 


D-u{i)  =  j ;  Re(i/)  >  0. 


(629) 


The  canonical  integral  in  (628)  can  be  written  in  terms  of  these  Parabolic  Cylinder 
functions.  Rewriting  (629)  and  solving  for  the  integral  we  get 


1  + 


r(t/)e-^'/" 


(630) 


which  is  of  the  same  form  as  the  canonical  integral  in  (628).  Using  this  relation 
in  (628)  we  get 


Jk{K) 


if  k  is  even,  and 


r  (4±1)  eim-c)  eeV4 

(-j2.«rp)(*+i)/4  ■^-(4±i)(^) 

^{k  +  1)!!  e«V4 

(jfe  +  i)2(*+u/2(_j2ii:/i)(*'+i)/4  ■^-(^)(«) 


Jk{K)  =  0 


(631) 


(632) 


if  k  is  odd.  The  double  factorial  function  in  (631)  is  define  as 


(*  +  !)!!  =  1-3 -5  •  ...  -(fc- 3) -(ife -!)•(*  + 1)  (633) 

for  even  k  greater  than  or  equal  to  zero. 

From  (621)  we  can  solve  for  oq,  6o  *uid  cq  by  letting  i  —  t,  and  solving  the  system 
of  three  equations.  This  restdts  in  the  constants 


6o  = 


®0  —  Gjn(tc')^ 

Gmj^nc)  —  Gmj—tnc) 
2tnc 


(634) 

(635) 
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and 


Co  = 


Gjn{pn<^  +  Gm(“inc)  2(?m(^c) 

2tL 


(636) 


which  are  in  terms  of  the  three  quantities  To  find  Gm(i)  frojn  (619)  we  be^n 

by  diflferentiating  both  sides  of  (615)  with  respect  to  t  to  get 


dz  F^{t)  _  Afit^  +  4?;^ 
p{z) 


(637) 


This  equation  is  not  defined  at  the  stationary  phase  points  because  we  found  Zg  and  tg 
by  requiring  f\z,)  =  0  and  F\U)  =  0,  respectively.  Using  I’Hopital’s  rule  on  (637), 
it  can  be  shown  that 

/  J^\  ^  1  I 

(638) 


( 


dt . 


12/tt^  +  ^'r}a 


/"W 


4a 


(^c)l 


>0. 


(639) 


Therefore,  at  t  =  tc  and  z  =  Zc, 

(dz^  47/a  _  4 

Requiring  that  the  path  of  integration  zX  z  =  Zc  remains  unchanged  by  the  mapping 

(i-e.,  S  >  0), 


(^\  -  I 


which  allows  us  to  write 

Gmitc)  =  g{zc) 

Using  I’Hopital’s  rule  to  find  the  limit  in  (641), 

(,  \  m+1 

i) 

Similarly,  at  t  =  t„c  and  z  =  2„c, 


(il\ 


(640) 


(641) 


=  9{zc) 


4a 


(642) 


-87/a 


(643) 


where  we  must  determine  sgn{/“(2„c)}  to  ensure  the  proper  mapping.  Expanding 
f{z)  in  a  Taylor  series  around  z  =  Zc  and  differentiating  twice  with  respect  to  z  we 
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obtain  three  equations: 


/W  «  +  (644) 

f'(z)  a  /"(zc)(z-24  +  ^/'''(2c)(»-«J^  (645) 

r{z)  «  f"(z.)  +  lr(z,)(z-z,f.  (646) 

Since  f^{znc)  =  0  we  can  evaluate  (645)  at  «  =  2„c  equate  it  to  zero  and  get 

lr{z,)(,z„-z,f^-Zf«(z,).  (647) 

Next,  evaluating  (646)  at  z  =  Znc  and  substituting  in  (647)  we  arrive  at 

/“(^nc)  «  -2/“(zc).  (648) 


Finally,  we  have  found  that 

sgn{/”(2nc)}  =  -sgn{/"(^c)}  =  -V, 


and  using  this  result  in  (643)  we  obtain 

2 


m- 


8a 


>  0. 


(649) 


(650) 


l/“(•=w)l 

Requiring  that  the  path  of  integration  at  z  =  z„c  remains  unchanged  by  the  mapping 


(i-'-.  f  >  0), 


which  allows  us  to  write 


_ 

/  8a 

V/“(^nc) 

(651) 


Gmitnc)  -  ') 

=  gi^nc) 


(Znc-Zc\^ 

\  t„c  )  ' 


(652) 


fH^nc)\\  tnc 

This  is  the  final  item  reqtdred  for  the  uniform  asymptotic  expansion. 

The  leading  term  of  the  uniform  asymptotic  expansion  is  found  by  substitut 
ing  (631),  (634)  and  (642)  into  (625)  such  that 

aoJm{K)  -  g{z;)  We 


|iir/“(zc)|(”*+iJ/2  m  + 
^  L(m+l)/2geV4  n 


r653l 


where  (  is  defined  in  (626).  Since  m  is  an  even  integer  that  is  greater  than  or  equal 
to  zero,  m  +  1  is  an  odd  integer  that  is  greater  than  or  equal  to  one.  From  (632), 
Jk[K)  =  0  for  odd  k;  therefore,  boJm+i{K)  =  0.  This  means  that  the  second  term 
of  the  uniform  asymptotic  expansion  is  zero.  This  is  a  result  of  the  fact  that  the 
stationary  phase  points  are  equally  spaced.  The  third  term  in  the  uniform  asymptotic 
expansion  is  determined  by  substituting  (631),  (636),  (642)  and  (652)  into  (625) 


.7  (jr\  -  ,r  >  ^  rin{m+l),r/4  JKf(zc) 

CoJm+2(A)  +  1 


"t"  2  (Znc  ^c)  flf(^nc) 


27r 


Kf^Zr^c) 


(654) 


where  ^  is  again  defined  in  (626).  The  terms  can  now  be  regrouped  and  transition 
functions  for  the  central  and  non-central  stationary  phase  contributions  defined  as 


TM,m)  = 


and 


respectively.  Therefore,  the  uniform  asymptotic  expansion  of  /m(^)  is 


(655) 


(656) 


e-inT/4  e4W(-“)r„(£,.),m) 


“h  2  (Zfic  Zc) 

+  1S(K). 


I  27r 
Kf^^iZnc) 


(657) 


The  transition  functions  are  used  to  correct  the  non-uniform  stationary  phase  con¬ 
tributions  from  the  central  and  non-central  stationary  phase  points.  The  inclusion  of 
these  transition  functions  properly  accounts  for  the  three  nearly  coincident  stationary 
phase  points. 
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3  A  Uniform  Asymptotic  Expansion  Using  the 
Classical  Stationary  Phase  Technique 

One  of  the  drawbacks  of  the  expansion  developed  in  Section  2  is  that  when  the 
non-central  stationary  phase  points  are  complex,  g(2)  may  be  an  extremely  diiHcult 
function  to  evaluate  at  the  complex  point  2  =  2„c.  Therefore,  it  is  advantageous  to 
derive  an  alternate  uniform  asymptotic  expansion  in  this  region.  As  explained  earlier, 
if  fi  and  7/  both  have  the  same  sign,  f{2)  has  one  real  stationary  phase  point  and  two 
complex  conjugate  stationary  phase  points.  When  this  is  the  case,  we  can  expand 
Gm{t)  in  a  Maclaurin  series  around  t  =  tc  =  0.  That  is,  let 


GL”'(0)  „ 


gL"’(o) ,, 


n! 


gn,W  = 

=  GL°>(0)  +  gW(0)  t  +  i  gW(0)  + 

^  n=3 

Substituting  this  into  (620)  we  obtain 

00  00 

~  J  -1-  GW(0)  J 

—  00  —00 

00 

+  \  I 

—00 

+  f;  J 


(658) 


(659) 


where  the  last  term  is  the  remainder  of  the  asymptotic  expansion  and  will  be  given 

=  E  J  r+v'ffw*  =  E 

„=3  n=3  ”• 

and  Jk{K)  is  the  canonical  integral  defined  in  (624).  Since  Jm+i{K)  =  0  as  explained 
in  Section  2  we  get 


(660) 


UK)  ~  Gf::Ko)MK)  +  i  G£)(0)/„+2{ir)  +  1^{K). 


(661) 


Also  from  Section  2,  we  recognize 

(J  \  ni-fl 

f  j  =  gM 


4a 


m+l 


(662) 
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and  note  that  the  leading  two  terms  of  this  expansion  are  identical  to  the  leading 
two  terms  of  the  expansion  presented  in  Section  2  since  ao  =  Gm(^c)-  Therefore, 
it  remains  to  find  Diflcerentiating  (619)  twice  with  respect  to  t  and  using 

I’Hopital’s  rule,  it  can  be  shown  that 


The  differentials  in  (663)  are  determined  by  successively  differentiating  (615)  with 
respect  to  t  to  get: 

f(z)  =  iit^  +  21)01^  +  h  (664) 

/‘(z)(§)  =4,i(’  +  4,af  (665) 

(i)' + {^)  = 

/"(.)  (I)'  +  3/"(.)  (I)  (§)  +  /■(.)  (§)  =  24,*  (667) 


Evaluating  (666)  at  z  =  Zc  and  t  =  tc  =  0,  and  recalling  that  /*(«c)  =  0  we  find 

(t).-  “  ^ 


/-(^c) 


(669) 


which  is  the  same  as  (640)  in  Section  2.  Next,  evaluating  (667)  at  z  =  Zc  and 
t  =  tc  =  0,  and  recalling  that  /‘(^c)  =  =  0  we  find 


(670) 
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Lastly,  evaluating  (668)  at  z  =  Zc  and  t  =  tc  =  0,  and  recalling  that  /'(zc)  = 
/  ™(zc)  =  0  and  (670)  we  find 


f^)  ffl]  6p  /"'(zj  fdzY 

f-M  4/-W  UA' 

Therefore,  substituting  (669)  through  (671)  into  (663)  we  obtain 


(671) 


g£'(0)  = 


4a 


/”(^c)| 


+  ff(^c) 


4a 


m-f  3 
2 


fm/^  ■k’/''’(2c) 


I  ifi= 


«■/“(»») 


(=?) 

I 


(672) 


where  ^  is  defined  in  (626).  Finally,  substituting  (631),  (662)  and  (672)  into  (661) 
and  simplifying,  the  uniform  asymptotic  expansion  of  Im{K)  is 


Im(K)  ~  of 2,1 - eir,{m+l)T/i  ^Kf(zc)m  (t  \ 

+  0  ”f Z.1  +  1)”  ,»}(m+3)ir/4  JK}(z,)^  (t  m  +  2'\ 

^  ^  ‘^^2|.K'/«(2c)|('»+3)/2 

+  g(z  \  ^n(.m+3)^/4  ^Kf(zc) 

^  "^2|ii:/»(2c)|(”*+3)/2  V  12  ; 


X 


\  1^1^  j  "A  2)  +  i„(nL )  (673) 


where  the  treinsition  function  is  defined  as 


T.U,  k)  =  (674) 

with  ^  being  given  in  (626).  It  is  important  to  recall  that  this  asymptotic  expansion 
is  valid  only  if  f(z)  has  one  real  stationziry  phase  point  and  two  complex  conjugate 
stationary  phase  points  (i.e.,  fi  =  tj).  Again,  the  transition  function  is  used  to  cor¬ 
rect  the  non-uniform  stationary  phase  contributions  when  the  three  stationary  phase 
points  are  nearly  coincident. 


4  Verification  of  Uniformity 

In  order  to  show  the  results  in  Sections  2  and  3  are  uniform,  two  things  must  be 
shown.  First,  it  must  be  shown  that  the  uniform  asymptotic  expansion  in  Section  2 


224 


and  the  uniform  asymptotic  expansion  in  Section  3  are  approximately  equal  near  the 
point  where  the  three  stationary  phase  points  coalesce.  Second,  it  must  be  shown 
that  these  asymptotic  expansions  give  a  bounded  result  near  the  point  where  the 
three  stationary  phase  points  coalesce.  This  includes  the  fact  that  in  the  limit  as 
|/^^(^c)|  0,  both  expansions  must  reduce  to  the  known  result  for  an  integral  with 

a  third-order  stationary  phase  point. 

It  is  a  simple  task  to  verify  the  first  of  these  conditions.  The  first  two  terms  of 
each  expansion  are  identical  since  ao  =  and  the  second  term  in  each  expansion 

is  zero  as  pointed  out  in  Section  3.  Therefore,  it  remains  to  be  shown  that  the  third 
term  of  each  expansion  is  approximately  equal  when  z^c  ^  To  show  this,  we 
recognize  that  in  the  limit  as  z„c  the  constant  Co  in  (636)  is  proportional  to  the 
limit  form  of  the  second  derivative  of  More  specifically, 

CO  «  i  GW(0)  (676) 

for  z„c  w  Zc.  It  is  now  easy  to  see  that  this  agrees  with  the  third  term  in  the  Maclaurin 
expansion  of  Gm(t)  used  in  Section  3.  Therefore,  if  z„c  «  Zc  the  uniform  asymptotic 
expansion  developed  in  Section  2  reduces  to  the  uniform  asymptotic  expansion  devel- 
Oped  in  Section  3. 

The  expansion  in  Section  3  must  be  bounded  for  z„c  ^  f'O  verify  the  second 
condition.  We  must  determine  the  small  argument  form  of  the  argument  of  these 
transition  functions  since  the  transition  functions  are  used  to  correct  for  the  nearly 
coincident  stationary  phase  points.  We  begin  by  evaluating  (644)  at  z  =  3^d 

recombining  terms  to  obtain 

SM  -  (676) 

for  Znc  ^  Zg.  Next,  since  /*(«nc)  =  0)  we  evaluate  (645)  at  z  =  z„c  aud  equate  it  to 

zero  to  obtain 

{z„c  Zc)  ~  {  ) 

which  is  substituted  into  (676)  to  get 

i/(^»)-/(-ji«iPg5-  m) 
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Finally,  substituting  (678)  into  (626)  we  end  up  with 


( « \Kr{z, 


oj(A‘-2»?)ir/4 


(679) 


which  is  the  small  argument  form  of  the  argument  of  the  transition  functions.  This 
result  is  identical  to  the  transition  function  argument  used  in  [12]. 

The  transition  function  in  (674)  can  be  approximated  now  that  an  approximation 
of  ^  has  been  obtained  for  /“(^c)  0-  An  approximate  form  of  the  transition 

function  is  found  by  substituting  (679)  into  (674) 


e€V4  i)_^*^j(^)  (680) 

where  the  approximate  form  of  ^  given  by  (679)  is  to  be  used  in  this  equation.  This 


result  can  also  be  used  to  show 


I  I^P  1  ~  ’  ***  * 

which  implies  that  the  last  term  in  (673)  corrects  for  the  slope  near  the  point  of 
coalescence.  Using  this  fact  and  the  approximate  form  of  the  transition  function 
given  by  (680),  (673)  can  be  approximated  for  small  ^  as 


(681) 


UK)  ~  ' 

m  +  1 


gjXm+l)ir/8 


_(2^)(0 


+  fl'"(2c)y|(m+l)!! 


\Kf^^{zc)\ 


gi/i(m+3)ff/8 


(682) 


which  is  valid  for  /“(zc)  0.  It  is  easy  to  see  that  for  small  ^  this  is  a  bounded 

result.  Therefore,  the  final  condition  to  be  shown  is  that  for  ^  =  0,  this  reduces  to 
the  known  solution  for  an  integral  with  a  third-order  stationary  phase  point. 
Referring  to  Appendix  C,  it  is  a  simple  task  to  show  that 

/4±in(0  =  D  /4±in(0)  =  - ,  (683) 

-(  2  )^^^  e=o  -(  2  ^  2(*+i)/4r(^)  ^  ^ 
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Therefore,  substituting  (683)  into  (682)  we  obtain 


Im{K)  -  g{zc) 


V^TT  (m  + 1)!! 


p  ^m±3  j 


-  2»±1 


2\KS^'^{zc)\\ 


+  5”(^c) 


■\/2ir  (m  + 1)!! 


4 


p(m^)  2  [2|iir/i'^(2:c)| 


xeJ#'("‘+3)W8  giif/(2c)  ^  J«(i:) 


(684) 


which  is  recognizable  as  the  first  two  non- vanishing  terms  of  the  asymptotic  expansion 
for  an  integral  with  a  third-order  stationary  phase  point. 
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Appendix  C 

Parabolic  Cylinder  Functions 


An  efficient  means  of  calculating  Parabolic  Cylinder  functions  is  required  when  ex¬ 
amining  the  field  near  the  cusp  of  a  caustic  caused  by  the  coalescence  of  three  equally 
spaced  diffraction  points.  This  appendix  contains  definitions,  a  series  formtda,  large 
argument  formulas,  relationships  between  certain  orders  of  Parabolic  Cylinder  func¬ 
tions  and  modified  Bessel  functions  and  other  usefiil  properties. 

A  ParaboHc  Cylinder  function  can  be  defined  as  the  solution  of  the  differential 
equation 

/^or\ 

__^e+-ju  =  0  (685) 

which  has  four  linearly  dependent  solutions 

U  =  I>_(a+l/2)(2:),  D_(a+i/2)(-«),  i?(a-l/2)0^)j  D^a-l/2){-jz)  (686) 

as  defined  in  [49].  The  standard  solution  used  here  is  tahen  to  be  the  first  of  these 
which  has  an  integral  form  [47,  48,  49,  50] 

it  (687) 

'  2/  0 

■  r(«  +  i 

for  Re  -|- 1)  >  0.  It  is  easily  seen  from  the  integral  form  of  the  solution  that 
Parabolic  Cylinder  functions  contain  the  proper  form  to  be  used  in  the  study  of  the 
field  near  the  cusp  of  a  caustic  caused  by  the  coalescence  of  three  equally  spaced 
diffraction  points. 


) 


j  dt 


(688) 
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From  [50]  the  series  form  of  the  Parabolic  Cylinder  function  is 

where 

OO  -2n 

a)  =  S  *^2"  7^ 

n=0 

and 

OO 

=  (691) 

are  two  auxiliary  power  series.  The  coefficients  of  yi(z,o)  and  y2{z,a)  can  be  calcu¬ 
lated  recursively  using 


Ac 

A2 

A2n 


=  1 


=  O 


,  (2n  -  2)(2n  -  3)  . 

o  A2n-2  H - ;; - *4211-4 

4 


and 


(692) 

(693) 

(694) 


Si 

Bs 

S2n+1 


a 


(2«  -  l)(2n  -  2) 

0  02IJ-1  H - - »2n-3j 

4 


(695) 

(696) 

(697) 


respectively.  A  useful  quantity  that  can  be  obtained  from  this  series  is 


^  (“+2/2)(0)  2(2a+l)/4p  ^2o+3^ 


(698) 


for  2  =  0.  Although  this  series  is  an  exact  solution,  it  becomes  computationally  inef¬ 
ficient  if  |z|  becomes  large.  Therefore,  it  is  best  used  to  calculate  Parabolic  Cylinder 
functions  if  |z|  is  small. 

If  Iz]  is  large,  asymptotic  expansions  of  the  Parabolic  Cylinder  function  can  be 
used.  From  [49]  with  |z|  >  1  and  \z\  >  |o  +  ||,  the  asymptotic  series  must  be 
divided  into  three  separate  repons  depending  on  the  argument  of  z.  Therefore,  as 
given  in  [49]  the  asymptotic  series  of  the  Parabolic  Cylinder  functions  are 


~  s,(z,a) 


(699) 
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for  |arg(2:)|  < 


^-(a+i/2)(«)  ~  e  (“+^/^)5c(2:,o) 

“  '~r^i\  5„c(^, a)  (700) 

r(«  +  2j 


for  f  <  arg(z)  <  ^  and 


■0-(a+i/2)(«)  ~  e  5c(^,  a) 

r(a  +  2j 


(701) 


for  Y  <  8^g('2^)  <  All  three  of  these  asymptotic  formulas  are  written  in  terms  of 
the  two  auxiliary  asymptotic  series 

corresponding  to  the  central  stationary  phase  point  contribution  and 

~  (-a  +  I) 

S™(2,  o)  =  £  (2„)!!  (^“3) 


(703) 


corresponding  to  the  non-central  stationary  phase  point  contributions.  These  series 
contain  the  function 


(®)2n  =  ®  •  (®  1)  •  (®  2)  •  . .  .  •  (®  271  —  2)  •  (®  -|-  271  —  1)  (704) 

with  (®)o  =  1  and  the  double  factorial  function  defined  in  [33] 

(27i)!!  =  2  •  4  •  6  • . . .  •  (271  -  2)  •  (27i)  (705) 

with  (0)!!  =  1.  These  asymptotic  series  can  now  be  used  to  calculate  Parabolic 
Cylinder  functions  with  large  arguments. 

The  relationship  between  modified  Bessel  functions  and  certain  Parabolic  Cylinder 
functions  may  be  useful  due  to  the  abundance  of  computer  subroutines  for  accurately 
calculating  modified  Bessel  functions.  In  particular,  the  Parabolic  Cylinder  function 
can  be  written  in  terms  of  modified  Bessel  functions  [50]  for  integer  values  of  a. 
Therefore,  for  o  =  0  and  |arg(z)l  <  |, 

0-1, 2(^)  =  (i*^)  (706) 
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and 


D-uA-‘)  =  \/f  [v5A/4  (j^^)  +  \k,i,  (i.^)]  (707) 

where  /^(x)  and  Kft{x)  are  modified  Bessel  functions  of  the  first  and  second  kind  of 
order  fi  and  argument  s,  respectively.  For  computational  purposes,  if  \z\  «  0, 

=  1.216280215  (708) 

can  be  used.  Also,  for  a  =  1  and  |arg(z)|  <  |, 

D-zM  =  Q*')  -  Jf.,.  (709) 

and 

D.3/2{-z)  = 

where  the  modified  Bessel  functions  are  defined  as  before.  Again,  for  computational 
purposes,  if  \z\  w  0, 

I>-3/2(0)  =  =  1.162736634  (711) 

can  be  used.  The  recursion  relation  [49] 

= ?fi  "  rri 

should  be  used  to  obtain  all  other  Parabolic  Cylinder  functions  with  orders  that  are 
integer  multiples  of  these  in  order  to  reduce  the  computation  time.  It  is  important  to 
note  that  this  recursion  relation  is  valid  for  all  Parabolic  Cylinder  functions  regardless 
of  order  or  argument.  Another  important  property  that  can  be  exploited  in  the 
computation  of  Parabolic  Cylinder  functions  is 

=  D:{z)  (713) 

which  can  be  used  to  limit  the  scope  of  computations. 

As  examples,  two  Parabolic  Cylinder  functions  of  different  order  are  presented. 
These  correspond  to  those  required  for  the  uniform  asymptotic  expansion  developed 
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Figure  71:  This  is  a  plot  of  a  Parabolic  Cylinder  function  of  order  —  0.5  (i.e.,  o  =  0) 
and  argument  z  = 

in  Appendix  B.  Parabolic  Cylinder  functions  of  argument  z  —  and  orders 

—  j  and  —  I  are  shown  in  Figures  71  and  72,  respectively.  It  is  important  to  note 
that  aU  the  Parabolic  Cylinder  functions  required  for  the  calculation  of  the  transition 
functions  in  Appendix  B  can  be  obtained  firom  these.  These  two  results  can  be  used 
in  conjunction  with  the  recursion  relation  in  (712)  to  obtain  the  necessary  order  since 
the  orders  of  all  the  Parabolic  Cylinder  functions  axe  integer  multiples  of  —  Also, 
the  conjugate  relation  in  (713)  can  be  used  to  obtain  the  proper  argument  since  the 
argument  of  transition  functions  are  restricted  to  arg(^)  =  ±|,±^. 
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Figure  72:  This  is  a  plot  of  a  Parabolic  Cylinder  function  of  order  —  1.5  (i.e.,  o  =  1) 
and  argument  z  — 
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Appendix  D 

The  Geometric  Interpretation  of 
the  Phase  Function,  Diffraction 
Parameter  and  Half-Plane 
Diffraction  Coefficient  Derivatives 
Required  for  the  Uniform 
Asymptotic  Expansion  of  the 
Diffracted  Field  Integral 
Equations 


Any  asymptotic  expansion  depends  on  the  derivatives  of  the  phase  and  amplitude 
functions  of  the  initial  integral.  These  derivatives  can  be  performed  on  an  integral 
obtained  for  a  specific  problem,  but  they  may  be  difficult  to  write  in  a  geometry 
independent  form.  To  alleviate  this  problem,  these  derivatives  can  be  performed 
on  general  expressions  using  differential  geometry.  This  appendix  is  devoted  to  the 
differentiation  of  the  phase  function,  diffraction  paxeimeters  and  half-plane  diffraction 
coefficients  required  for  the  use  of  the  uniform  asymptotic  expansions  derived  in 
Appendix  B. 
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1  Phase  Function  Derivatives 

The  first  few  derivatives  of  the  phase  function  are  required  for  both  of  the  uniform 
asymptotic  expansions  of  Sections  2  and  3.  The  second  derivative  of  the  phase  func¬ 
tion  evaluated  at  the  central  and  non-central  stationary  phase  points  are  required  for 
the  expansion  in  Section  2.  The  second  and  fourth  derivatives  of  the  phase  function 
evaluated  at  the  central  stationary  phase  point  are  required  for  the  expansion  in  Sec¬ 
tion  3.  This  section  is  a  derivation  of  the  second  and  fourth  derivatives  of  the  phase 
function  evaluated  at  the  central  stationary  phase  point  ^lnd  the  second  derivative 
of  the  phase  function  evaluated  at  the  non-central  stationary  phase  points.  This  is 
accomplished  using  differential  geometry. 

This  derivation  begins  by  writing  the  phase  function  in  terms  of  some  geometric 
parameters  of  the  edge.  This  geometry  is  shown  in  Figure  73  and  I  is  defined  as  the 
arc  length  along  the  edge  from  the  origin  to  the  diffraction  point  Q'.  It  should  also 
be  noted  at  this  point  that  all  derivatives  in  this  section  are  performed  with  respect 
to  arc  length  unless  stated  otherwise.  The  phase  function  of  the  diffraction  integrals 
is 

)>(i)  =  -ri(Q')  -  (714) 

where, 

>•?(<?')  =  {[4+>'.(<3')]-»r+{[ft+w')]-s.(e')r 

and 

+  -?.((?')]•  s(Q')}' •  (™) 

The  parameters  that  are  a  function  of  arc  length  will  be  denoted  by  Q'  to  obtain  a 
result  that  is  consistent  with  the  UTD.  This  will  allow  us  to  evaluate  the  results  at 
different  diffraction  points  and  easily  distinguish  between  them.  The  phase  function 
itself  will  be  left  as  a  function  of  aic  length  to  be  consistent  with  the  integral  equation 
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Figure  73:  Geometric  parameter  definitions  for  the  phase  function  derivatives  of  the 
dii&action  integrals. 
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it  came  from.  The  chain  rule  wiU  be  used  to  differentiate  these  expressions;  therefore, 
the  derivatives  of  ne(Q0>  ^iQ')  ^e{Q')  are  performed  first.  The  derivatives  of  the 

unit  vectors  »e(^0  ^iQ')  known  as  the  Serret- Prenet  equations  [51]  and  are 

S'(O')  =  -=»(«')  «.(«')  (717=*) 

Bi(Q')  =  -«»(<?')  HQ')  (717b) 

where  Kg{Q')  is  the  curvature  of  the  edge  at  a  point,  Q',  of  arc  length  I  away  from 
the  origin.  The  first  derivative  of  the  position  vector,  Te{Q'),  from  the  origin  to  the 
diffraction  point  is 

fj(«')  =  -  HQ')  (718) 

from  the  definition  of  the  tangent  vector  e(Q').  By  successively  differentiating  (718) 
rmd  using  the  Serret-Frenet  equations  (717),  we  obtain  the  next  five  derivatives  of  the 
position  vector  as: 

f  “((J')  =  -r(Q')  =  -k,(Q')  %{Q')  (719) 

f”*(Q')  =  -nl(Q')%(Q')-KM')nl(Q') 

=  8.(Q')  +  «“(«')  e(<?')  (720) 

flHQ')  =  -<(<?')  B.((j') -«■(<?')  si(g') 

+2'=,(<3')'';(Q')  HQ')  +  “liO')  ?■(<?') 

=  -  [<(«')  -  ''^(<3')]  MQ')  +  3-c»(Q')'*j(i3')  HQ')  (721) 

C(e')  =  -C(<3')  MQ')  -  <(<?')  «.■(«')  +  H(Q')'^',(Q')  B.(e') 

+»?(<3')Bi(<?')  +  3{Kj(Q')pe((3') 

+3«,((?')k“(Q')  e  (O')  +  3«,(0')»i(0')  3'(Q') 

=  [6«J(0')-ci(<?') -«”■(«')]  B.(Q') 

+  [4«,(0'X(<3')  -  <(«')  +  3{kJ(0')}"]  HQ')  (722) 

C(O')  =  -<«?')«.(<?')--<;'(<?')  «.'(<3')  +  4-c;(OK«3')3(<3') 
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+4»,((?')<'(0')  HQ’)  +  4».(0')<(e')  ?'(<?') 
+12«,(Q'){-cJ(<2')}"  «.(?')  +  6<c“(e>,”(<?')  MQ') 
+6«“(<?K(<?') «.'(«')  -  4'>J(e'K(<2')  s(Q') 

-K*(<?')  e  ■(<?')  +  6«J(<?'XW')  e  ((?')  +  3{»J((3')}^  ?'((?') 

=  [lO«^(<?')<c  "(<?')  -  -  nf'(Q’)  +  16«,((?'){k^(Q')F]  MQ') 

-  10»|((?')«J(0')]  e  («')  (723) 

Next,  we  wish  to  evaluate  these  derivatives  at  the  central  and  non-central  dii&action 
points.  The  central  diffraction  point,  Qc,  is  located  at  the  origin  of  the  coordinate 
system  shown  in  Figure  73.  Also,  Kj(Qc)  =  /t™(Qc)  =  0  due  to  the  symmetry  of  the 
assumed  geometry.  Therefore,  the  derivatives  of  the  position  vector  evaluated  at  the 
central  diffraction  point  are: 


o 

II 

0 

(724a) 

r^iQc)  = 

-^(Qc) 

(724b) 

= 

-Kg(Qc)  ne{Qc) 

(724c) 

rT(Qc)  = 

•^]i.Qc)  e(Qc) 

(724d) 

rr(Qc)  = 

-  [<((?,)  -  K^(i?e)] 

■XQc) 

(724e) 

II 

-  [f^tiQc)  -  4Kfl(Qc)«3 

(Qc)]  e  (Qc) 

(724f) 

rT(Qc)  = 

-  [«J''(^c)  -  10/cJ((5c)i 

'igXQc)  +  «g(Qc)]  nc(Qc) 

(724g) 

The  non-central  diffraction  points,  Qnct  sie  assumed  here  to  be  located  at  an  arc 
length  of  /  =  Inc  from  the  origin  of  the  coordinate  system.  Therefore,  the  derivatives 
of  the  position  vector  evaluated  at  the  non-central  diffraction  points  are: 

K'(Qnc)  =  -i(Qnc)  (725a) 

K"(Qnc)  =  -Kg(Q„c)  ne(Qnc)  (725b) 

where  only  the  first  two  derivatives  are  required  by  the  uniform  asymptotic  expansion 
in  Section  2. 
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The  first  derivative  of  r,(Q')  can  now  be  derived  by  differentiating  both  sides 
of  (715)  with  respect  to  arc  length  I  as 

=  2  { [ft +  ?.(<?')] 6} 

+  2  { [ft  +  ft(O')]  •  «.(<?')}  ■  «.(<?') 

+  [&+r.(Q')]-fijW')} 

+  2  { [ft + ft(Q')]  •  HQ')}  K(O')  •  HQ') 

+  [ft+ft(a')]-S'(<?')}  P26) 

where,  by  using  (717)  and  simplifying,  we  obtain 

ri(Q')r!(Q')  =  {[ft  +  nWl-Slii^W')-*} 

+  { [ft + iv(i?')]  •  «.(<?')}  K(e')  • 

+  {[ft  +  ivW')]-?W')}KW-?W')}-  (227) 

Following  a  similar  procedure,  the  first  derivative  of  Tfi[Q')  is 

MQ'ynQ')  ^  -{ [ft< -?={«')]•*}  {'.'(O') -i} 

-  { [fti  -  ft(Q')i  •  «=(«')}  {?,'(«')  •  ft(C')} 

-  { [fti  -  -=;(«')]  ■HQ')}  {fUQ')  ■  HQ')}  ■  (728) 

It  is  now  a  simple  task  to  show  that  the  first  derivatives  of  Ti{Q')  and  are 


"•/(<?.)  =  ’•i(a)  =  0 

(729) 

at  the  central  diffraction  point  and 

r/(Qm:)  =  -cos^;^ 

(730) 

and 

^£f(Qnc)  “  cosine  5 

(731) 

respectively,  at  the  non-central  diffraction  points. 

Next,  the  second  derivative  of  ri(Q')  is  determined  by  differentiating  both  sides 
of  (727)  with  respect  to  arc  length, 

=  {?.'(<?')  •»}'  +  {[*  +  >v(<3')]  •  6}  {f "((?')  •  ?} 

+  K(<?')  •  8.(0')}’  +  {  [h. + '.(O')]  ■  n‘(cr)}  .  n.(<?')} 

+  { [ft  +  ?.(<3')]  ■  ft(O')}  {?”(<?')  ■  + f •((?')  ■  si(C')} 

+  KW'j-sWOf +  {[A+f.W')]  -S-WOIKWO-SW')} 

+  {[ft+f.wo]-s((2o}{8j'((?rs(eH8JW')-8'W')}  (732) 

where,  using  (717)  and  simplifying,  we  obtain 

I’- +  ri(Q =  {>=;(<?') .  ?}'  +  K((?')  ■ «.((?')}“ 

+  {[A +?.(<?')]  •?}{?"(«')•  3} 

+  { [ft  +  f,(i3')]  •  B,(<5')}  •  «=(«')} 

+  { [ft  +  ■  ?(e')}  •  ?((?')} .  (733) 

Following  a  similar  procedure,  we  obtain 

+  ’■4Q')rjm  =  (rJ(Q')  ■  S}’  +  K(<y)  •  n,(Q')f 

+  K(C')  •  ?(<?')}' 

-  { [fij -W')]- 3}  {#■"(<?') -i} 

-  {[A,- K(Q')] ■  ft(e')} {^°(<?') • «.(«')} 

-  { [&  -  f.tQ')]  •  e  («')}  {f  “(<3')  •  HQ')}  (734) 

as  the  second  derivative  rj(Q')  with  respect  to  arc  length.  Evaluating  (733)  at  the 
central  diffraction  point, 

1  ,  [ft.e((5.)l' 

r"(QJ  =  -  K,(a)  [ft  •  8.(a)]  -  ^ (735) 

where,  for  a  plane  wave  incidence  (i.e.,  i2,-  — ^  c»)  and  ^  •  ne(Qc)  —  cos  V’c? 

^"(Qc)  =  -KgiQc)  •  ne(Qc)]  =  -Kg{Qc)  cos  (736) 
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Also,  evaluating  (734)  at  the  central  diffraction  point, 

ri'm  =  i + «,(«»)  •  s.(e.)  -  — 7—^ 

Sc  Sc 

and  since  Rd  •  ne{Qc)  =  —  cos'0c  and  5^  •  e  (Qc)  =  0, 

‘^diQc)  =  —  -  Kg{Q c)  cos  ipc- 

Sc 

Evaluating  (733)  at  the  non-central  diffraction  points, 
r /■((?„)  =  k,(Q^)  P'  •  S,(<?„)1  - 

Si  Si 

where  for  a  plane  wave  incidence  (i.e.,  a,-  — ♦  oo) 

r  ”(Q„c)  =  -HgiQnc)  [5 '  •  ndQnc)] . 


(737) 


(738) 


(739) 


(740) 


Also,  evaluating  (734)  at  the  non-central  diffraction  points, 

=  —  +  «,((?„=)  P  •  K^Qn.)]  -  (741) 

Stic  ^nc 

and  since  S'  •  e  (Qnc)  =  cos  /9„c  we  get, 

••i'(<3nc)  =  P  •  .  (742) 

Sjic 

This  completes  the  derivation  of  the  second  derivatives. 

The  third  derivative  of  (715)  is  found  by  differentiating  both  sides  of  (733)  with 
respect  to  arc  length 


3rKQ')rm) 


+  >•.(«>.”(«’)  =  3  {fj((3') .  6}  {f  ”(<?') .  S} 

+  2  {?.■((?')  •  «.(e')}  {?"(«')  •  nM')  +  fUQ')  ■ 

+  2  {Bi(<3')  •  ?(<?')}  K‘(Q')  •?(<?')+ B.'(<3')  ■  B'(e')} 

+  {[ft  +  W)]-S}{f“(Q')-?} 

+  {'.'(«')  • «.(«')  +  [^ + n(<3')]  •  B‘((?')}  wceo  •  B.«3')} 
+  { [ft + ft(e')]  •  B.(<?')}  {ff  («')  •  n,{Q') + n\Q')  ■  B.‘(e')} 
+  {iv’(e')  •  HQ')  +  [ft + ft(Q')]  •  B'(Q')}  W((?')  •  HQ')) 

+  { [^i  +  f.(i3')] .  S(e')}  {f ™«3') .  r(Q') 


«?') 


B'(e')} 


(743) 


241 


whicli,  using  (717)  and  simplifying,  results  in 


+  3 

+  3  K(Q')  •?(«')}  K'W')- 3(0')} 

+  {[ft+f=(0')]-S}{r-'"((3')-6} 

+  { [ft  +  •  n.((3')}  {jv"'(0')  •  8.(0')} 

+  {[ft+fc(0')]-3(0')}K"'(<3')-3(e')}-  (744) 

Following  a  similar  approach,  the  third  derivative  of  rrf(Q')  is 

K{Q'K(Q')  +  ’•i(0')’-J"(0')  =  3{f}(0')-S}{f;"((j').6} 

+  3  {!=;■((?')  •  8,(Q')}  •  8,(Q')} 

+  3{fi(<?')-3(<?')>{fi‘(<?')-3(0')} 

-  {[ft.-r-.(0')]-S}{i?"(<3')-‘} 

-  { [ft  -  .  8,((?')}  {f  “(O')  •  8,(0')} 

-  {[ft-f.(0')]-3(0')}{f?‘(0')-3(0')}  (746) 

with  respect  to  arc  length.  Since  we  only  need  the  third  derivative  of  the  phase 
function  at  the  central  diifraction  point, 

rriQc)  =  rfiQc)  =  0  (746) 

which  completes  the  required  third  derivatives.  Now  only  the  fourth  derivative  of  the 
phase  function  must  be  found. 

Finally,  the  fourth  derivative  of  (715)  is  found  by  differentiating  both  sides  of  (744) 
with  respect  to  arc  length 

3lr/W)f  +  ^r/(Qyr(Q')  +  T,(Q')rr(Q')  = 

3  {r7(Q')  •  6}'  +  4  {fJ(Q0 . 1}  {f J“(Q')  •  b} 

+  3  .  ne(Q0  +  r-(Q')  •  nJ(C?')}  {r^{Q')  •  UQ')} 

+  3  {fj(Q') .  ne(Q')}  {^T(<?')  •  UQ')  +  n\Q’)  •  KiQ')} 


242 


4  3{f”(Qr?W0  +  ?iW')-«'(<?')}K'(<3')-sW')} 

4  3{fJ(e')  •  ?(Q')}  {rr(O')  •  HQ')  +  •  *■(<?')} 

4  { [ft  4  ivW')]  4}  {?"(<?')•?} 

+  {?i(<5')  •  B.(e') + [ft + •  «i(e')}  {?"'(«')  •  B.(«')} 

4  { [A  4  Km]  ■  MQ')}  {^rm  ■  mq') + fj-m  ■  kkq')) 

+  {BiCCO  •  HQ')  +  [ft + ivCQ')]  •  ?■(<?')}  {f.”'(e')  •«(«')} 

4  {[ft  4f,((2')]  • 

4r-"'(C')  •«'(«')}  (7«) 

where,  after  using  (717)  and  simplifying,  we  obtain 

3  [<•“(<?')]'  +  ^'i(Q')’'P'(Q')-^’■imrr(Q')  = 

3  {<=;"(Q')  -i}'  4  4  {f:m  ■  s}  {c(<?')  ■  s} 

4  3  {?"«?')  ■  «,(<?')}“  4  4  {fi(e')  ■  n,(Q')}  K“((2')  •  9,(5’)} 

4  3  {f,“(5')  •  e  (5')}"  4  4  {f.-(e')  •  3(5')}  {i?"(5')  •  3(<3')} 

4  {[ft4r-,(5')]-?}{3r(5')-3} 

4  { [ft  4  f,(5')]  •  MQ')}  {'TIQ')  ■  «.(<?')} 

4  { [ft  4  f.(5')]  •  3(e')}  {?,'''(5')  •  3(5')}  •  (T48) 

Following  a  similar  procedure  on  (745)  we  obtain 

3W‘(5')1"  4  4rJ(5')rj”(5')4ra(5')r7(5')  = 

3  {?.“(5')  •  S}'  4  4  {rjm  ■  *}  {<?”(<?')  •  i} 

4  3  {fj'(5')  •  «.(5')}‘  +  4  {3,'(5')  •  s.(i3')}  W(<2')  •  «c(5')} 

4  3  {r;"(5')  •  3(5')}"  4  4  {r;-(5')  •  3(5')}  {-?'(<?') '  ?(«')} 

-  {[ft-ft(0')]-J}{3’.'''(e')-S} 

-  { [&  -  f,(5')]  •  B,(5')}  {f,'''(5')  •  «.(<3')} 

-  { [ft  -  ft(5')]  ■  3(5')}  {3,'''(5')  •  3(5')} 


(749) 


as  tte  fourth  derivative  of  rd{Q').  Again,  we  only  need  the  fourth  derivatives  at  the 
central  dif&action  point.  Therefore,  at  the  central  diffraction  point 

rrm  =  -  [»“(a)  -  K^m]  [ft  •  B.(a)]  -  ^  [r,?'(e.)]* 

=  ~  ~  [l  +  3  cos^  it;]  (750) 

where,  for  a  plane  wave  incidence  (i.e.,  iZ,-  —>  oo)  we  get 

=  -  [«"(Qc)  -  Ks(<3c)]  cosV’'  .  (751) 

Also  at  the  central  diffraction  point, 

rrm  =  [<(<?.)  - «,’(«.)]  [fti  •  8.(e=)]  -  ^  f  k'(q.)i^ 

Sq  Sc 

=  -  [«“(pc)  -  Kg(Qc)]  COS  V>c  - 

—  —  —— Kg(Qc)  COB  •  (752) 

Sc  ISc  J 

This  completes  the  required  derivatives  for  the  determination  of  the  necessary  phase 
derivatives. 

Finally,  the  derivatives  of  the  phase  function  (714)  can  be  determined  using  the 
derivatives  of  ri{Q')  and  Td{Q')  evaluated  at  the  di&action  points.  First,  the  deriva¬ 
tives  of  the  phase  function  at  the  central  diffraction  point  located  at  1  =  4  are: 


h{lc)  =  -Sc 

h\lc)  =  0 

h  ”(/c)  = - 1-  «a(<5c)  [cos  Tpc  +  cos  V^'] 

Sc 


^  1 
Sc  ^  P^iQc) 


h^^c)  =  0 


=  [«“(Qc)  -  «5(^c)]  [cos  V'c  +  COsV’c]  + 

Sc 

3  r  ScCOBlbA^ 

J - 1 - E - zl 

4  [  pAQc)  j 


3  ,  5c  cos  rbc 

J - 1 - E - Zl 

4  [  pAQc)  j 

where  the  radius  of  curvature  of  the  edge  at  the  central  diffraction  point  is 


PgiQc)  = 


^g{Qc) 


(753a) 

(753b) 

(753c) 

(753d) 

(753e) 

(754) 
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and 


p\Q,)  = 


PgjQc) 


(755) 


cosV'c  +  cosV'' 

is  the  second  caustic  distance  of  the  central  diifracted  field.  Also,  the  derivatives  of 
the  phase  function  at  the  non-central  diffraction  points  are 


h{lnc)  —  '  '  ^e(Qnc)  ^nc 

(756a) 

h^{lnc)  =  COS/?;^- cosine  =  0 

(756b) 

„  sin^  /3„c  [S  -  s']  •  UeiQnc) 

/>,(<?».)  . 

•  f  1  X  1  1 

-  -SXCrPnc  -  +  N 

L^nc  p{Qnc)\ 

(756c) 

X  />g(Qnc)sin2^„c 

p  W’”)-  |r-?'i-n.(Q~) 

(757) 

where 


is  the  second  caustic  distance  of  the  non-central  diffracted  field.  This  completes  the 
derivation  of  the  phase  function  derivatives. 

It  is  advantageous  at  this  point  to  derive  the  relationship  between  the  derivatives 
with  respect  to  I  and  the  derivatives  with  respect  to  the  x  direction,  Xe.  To  accomplish 
this,  we  note  that  h(xe)  =  h{l)  and  successively  differentiate  with  respect  to  x^  on 
both  sides  to  obtain: 


h{Xe) 

h*(Xe) 

h“(Xe) 


h{l) 

(s) 


(^)  (g) 

(g)  o 

(g) 


(758a) 

(758b) 

(758c) 


(758d) 
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+A 


(Si 


(758e) 


=  ‘'w  (Q  (SX 

(S  (S) 


dx^ 


*-<■>(£)  (S) 
««-»(S)(S  *“■»(£)© 


+*■(!) 


iS 


(758f) 


+45^ ''^(0 


'  A.  \  (fi 

^dXe)  \dxl 


j  +20/1  ^'^(0 


(£_y  f£l\ 

\(ixej  \dxl) 


--»(S(S)(S)  •>»-(■' O' 


0(S) 


+  10A 


"<'>  (S)' 


+15/1  “(0 

•“■<■>©(§)*“■<■)  (£KS) 

•‘■I"  (S 


(758g) 


where  the  differentials  must  now  be  determined.  To  do  so,  we  begin  by  determining 
the  edge  vector  as 


e(Q')  = 


—X  -  yy' 


(759) 


(760) 


\/i  +  {y'y 

which  allows  us  to  take  the  dot  product  with  x  to  obtain 

-*•?((?')  =  -=i — 

Using  this  result  and  the  definition  of  the  first  differential,  we  find 

This  can  now  be  successively  differentiated  to  find  the  remaining  differentials  as 

(762a) 


dxl 
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1 


dxl 


—  -^2(0')  ^ _ Zk^(Q')  )] 


(762b) 


[a.e(g')] 

+^^(g0 

where  the  Serret-Frenet  equations  of  (717)  have  been  used  to  simplify  the  results. 
Although  only  the  first  three  differentials  are  required  to  transform  the  phase  function 
derivatives,  the  first  six  are  required  in  Chapter  7.  Therefore,  differentiating  (762b) 
three  times  with  respect  to  ®e  we  obtain 

dl 


dXe 

dxl 

d^i 

dxl 

dH 

dxi 

dH 


Qc 


Qc 


=  1 

=  0 


=  ^liQc) 


dxl 

£L 


Qc 


Qc 


=  0 

=  4/Cg(Qc)K"(Qc)  +  9kJ(<3c) 

=  0 


(763a) 

(763b) 

(763c) 

(763d) 

(763e) 

(763f) 


at  the  central  diffraction  point.  We  can  now  substitute  (753),  (761)  and  (762) 
into  (758)  and  evaluate  at  the  central 


h{xc)  =  h{lc)  (764a) 

h^(xc)  =  0  (764b) 

h«(®c)  =  h^Vc)  (764c) 

h“(®c)  =  0  (764d) 

h^^x,)  =  h^^lc)  +  ^Klmh^\h)  (764e) 

and  non-central 

A(®„c)  =  h{l„c)  (765a) 

=  0  (765b) 

h"(®„,)  =  A”(inc)  {^2-e{Qnc^ 
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diffraction  points.  One  last  resTilt  that  will  become  useful  for  the  uniform  asymptotic 
expansion  in  Section  3  is  the  ratio  of  h^''{xc)  to  h“(xc)  is 


(766) 


which  can  be  used  to  convert  the  final  result  back  to  the  derivatives  with  respect  to 
arc  length. 


2  Diffraction  Parameter  Derivatives 


The  second  derivative  of  the  amplitude  function  of  the  integral  is  required  in  order  to 
use  the  uniform  as3rmptotic  expansion  developed  in  Section  3.  This  amplitude  func¬ 
tion  is  dependant  on  the  specific  integral,  but  several  quantities  show  up  repeatedly. 
This  section  is  a  derivation  of  the  first  two  derivatives  of  these  common  functions. 

An  important  fact  that  will  be  used  extensively  is  that  the  first  two  derivatives 
of  any  function  with  respect  to  arc  length  are  the  same  as  the  first  two  derivatives 
of  that  function  with  respect  to  Xe  at  the  central  diffraction  point.  This  was  shown 
in  Section  1  for  the  phase  function,  but  it  is  true  for  any  function.  The  equality 
of  the  derivatives  with  respect  to  arc  length  and  Xe  wiU  be  stated  without  further 
explanation  since  all  the  derivatives  obtained  in  this  section  are  evaluated  at  the 
central  diffraction  point. 

First,  if  we  recognize  that  r  =  rd{Q'),  we  obtain 


dr 

a 

<Pr 

dP 


=  Sc 
dr 
dxe 
iPr 
dxl 


=  0 


Qc 


= - Ks(Qc)  cos  V’c 

Sc 


(767a) 

(767b) 

(767c) 


from  (729)  and  (738),  respectively.  Next,  we  wish  to  determine  the  derivatives  of 
sin  and  sin^  To  accomplish  this  we  be^n  with 


cosj3  =  Td{Q')‘e{Q') 


which  is  a  definition  of  cos  This  cein  be  rewritten  as 

t4Q’)  cos  ^  =  fi(Q') .  e  (QO  =  [&  -  •?(!?') 


(768) 

(769) 
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which  allows  us  to  differentiate  using  the  chain  mle  to  get 

rj((?')  cos  13  +  =  {&,-  •  S'(Q')  -  f'AQ')  ■  HQ') 

-fJ(O')  •  e  (O')  (770) 

where  the  Serret-Prenet  equations  of  (717)  have  been  used  to  simplify  the  result. 
Again,  using  the  chain  rule  and  the  Serret-Frenet  equations  of  (717),  (770)  is  differ¬ 
entiated  to  obtain 

TS'(,Q')cosfi  +  2rj(Q')  +t4Q')  = 

=  «^(<?')  { [A. -W')]  •«.«?')} 

-  «,(«')  K(«')-s.(a')} 

-  -SCQ') -«»(!?')  8.(0')}  (771) 

which  win  be  used  to  determine  the  second  derivative  of  cos  Evaluating  (769) 
through  (771)  at  the  central  diffraction  point,  we  get: 


COS/?1q^ 

dcos/3 

tP  cos  ^ 
dP  ^ 


dcos  /3 
dxc  ^ 
(P  COS)0 
dxl 


= - Kg{Qc)cOS1pc 

Sc 


(772a) 

(772b) 


(772c) 


Using  the  trigonometric  identity,  svP  =  1  —  cos^/0,  we  can  differentiate  twice 
dsiiP/3  -  „fdcosP\  , 


=  —2  cos  /9 


c?  sin^  /? 


=  -2 


-»(t) 


2cos)0 


dP  cos  P 


(773a) 


(773b) 
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and  evaluate  them  at  the  central  diffraction  point  to  obtain 


=  1 

dsin^/? 

dsin^/0 

dl  ^ 

Qc 

dxe 

d^  sin^  P 

d^  sin^  /3 

^  e. 

Qc 

<rsin‘'y9  drsin^p  fl  .  .  ] 

as  the  derivatives  of  sin^  0.  Also,  differentiating  sin^  ^  using  the  chain  rule 


(774a) 

(774b) 

(774c) 


d  sin^  /? 
dl 

d?  sin^/? 
dZ2 


=  2sin^  {775a) 


and  evaluate  them  at  the  central  diffraction  point  to  obtain 


sin^lg^ 

=  1 

dsin  P 

dsin  P 

Qc 

Qc 

d^sin/? 

1 

cn 

u 

O 

II 

(776a) 

(776b) 


n 

=  - - Kg{Qc)  cos  -^c  (776c) 

Lsc  J 


as  the  required  derivatives  of  sin/?.  Following  a  similar  procedure  and  recognizing 
cos  P'  =  fi(Q')  •  e(Q')  and  Hi  oo  vre  obtain 


cos  P'\ 

\qc  =  0 

(777a) 

d  cos  P’ 
dl 

=  ,  =  «ff(Qc)cOsV’' 

Qc  Qc 

(777b) 

d^  cos  P' 
dP 

eP  cos  p' 

o  ~  dxl  ^  ~ 

Wc  ^  Wc 

(777c) 

=  1 

(778a) 

dsm^P' 

Qc 

d  sin^  P'  Q 

Qc 

(778b) 

dP  sin^  P' 
dP 

dPswP P'  .  .  ,,,2 

=  J^2  =  2[/Cg(Qc)cosV»c] 

Qc 

(778c) 
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which  can  be  used  to  obtain 


Bmp'lg 
d  sin  13' 


=  1 


dl 

d3  sin  p' 


d  sin /S' 


dP 


dXe 

(f*  sin /S' 


=  0 


Qc 


Qc 


dxl 


=  -[Kfl(Qc)cOsV''] 


/l2 


Qc 


(779a) 

(779b) 

(779c) 


as  the  required  derivatives  of  cos  /S',  sin^  /S'  and  sin  /S'  evaluated  at  the  central  diffrac¬ 
tion  point.  The  only  other  common  quantity  of  the  ampKtude  functions  are  the  half- 
plane  diffraction  coefficients.  However,  these  will  be  determined  in  the  next  section 
due  to  the  extensive  nature  of  the  differentiation  of  the  diffraction  coeflScients. 


3  Half-Plane  Diffraction  Coefficient  Derivatives 


Other  common  quantities  that  appears  in  the  amplitude  functions  of  the  diffiraction 
integrals  are  the  half-plane  diffraction  coefficients.  The  edges  are  assumed  to  be  on 
flat  plates  for  the  purposes  of  the  work.  Therefore,  the  second  derivatives  of  the 
half-plane  diffraction  coefficients  are  required  in  order  to  use  the  uniform  asymptotic 
expansion  developed  in  Section  3  of  Appendix  B.  This  section  is  devoted  to  the 
differentiation  of  the  half-plane  diffraction  coefficients. 

As  discussed  in  Section  2,  the  first  two  derivatives  with  respect  to  arc  length 
of  any  function  is  identical  to  the  first  two  derivatives  with  respect  to  Xe  evaluated 
at  the  central  diffraction  point.  This  fact  will  be  used  here  as  well.  The  equality 
of  the  derivatives  with  respect  to  arc  length  and  Xe  will  be  stated  without  further 
explanation  since  all  of  the  derivatives  determined  in  this  section  are  evaluated  at  the 
central  diffraction  point. 

The  diffraction  integrals  formulated  in  this  work  are  obtained  using  the  ITD  as 
discussed  in  Chapter  4.  For  this  reason,  it  will  be  necessary  to  differentiate  the 
ITD  half-plane  diffraction  coefficients  rather  than  the  UTD  half-plane  diffraction 
coefficients.  First,  recall  that  the  ITD  half-plane  diffraction  coeffiaents  axe 


Ds,h{Q')  =  2 


F[kLa{9-)] 
cos  (^) 


F[fela(^+)]1 

cos(^)  J 
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(780) 


=  5  (t)  ^  (t)  ^  } 


where 

L  =  r  sin^  /3 

(781) 

is  the  distance  parameter  and 

o(t^)  =  2cos2 

(782) 

is  the  angle  parameter.  This  must  now  be  differentiated  twice  in  order  to  use  the 
uniform  asymptotic  expansion  derived  in  Section  3  of  Appendix  B. 

Extensive  use  of  the  chain  rule  is  employed  to  accomplish  this  differentiation.  The 
differentiation  of  ^ =  V’  T  will  be  performed  first.  We  can  write  cos  ij;  as 


cos  V*  =  — 


fd(Q') 


(783) 


and  it  can  be  rewritten  as 


raiQ')  sin  /3  cos  V’  =  -  vaiQ')  •  MQ')  =  “  "  re{Q')]  •  n,{Q')  (784) 

which  allows  us  to  easily  differentiate.  Now,  differentiating  both  side  of  (784)  with 
respect  to  arc  length  we  obtain 

rJ(<3')sm,8cos^  +  rj(O')  (~^^)  cosV>  +  rj((?')sm^  (~^^)  “ 

=  •  s=(e')}  -  -  f.(0')]  •  Km 

=  KW')-S.(Q')} 

+  *„((?’)  {[^-f.(0')]-S(0')}  (785) 


where  the  Serret-Frenet  equations  of  (717)  were  used  to  simplify  this  result  which 
will  be  used  to  determine  the  first  derivative  of  cos  ■0.  Next,  differentiating  both  sides 
of  (785)  with  respect  to  arc  length  we  get 


r  “(Q')  sin  /3  cos  V'  +  2Tj(Q')  cos  V'  +  2rj(Q')  sin  ^  + 

«  /dsin)S\  fdcosib\  ,  ,.(dPsmp\  ,  .  ( dP  cos‘^\ 

)  (-JP  j  j+r4Q)  j  cos  ^  +  t4Q  )  sm^  j  = 


=  W(Q')-B.«?')}+ftW)-8.‘(e')} 

+  kKQ')  { - ;;((?')]  •  e  ((?')}  -  «.(«')  {%'(«')  •  HQ')} 

+  -?.(<?')]  •?'(<?')} 

=  {>?(<?')•«.(<?')} +  '>JW'){[^-8.(<3')]  -^W')} 

-  2«,(0’){8iW')-8(<3')} 

+  KjW'){[ai-8.W')]-B.W')}  (786) 


where  the  Serret-Frenet  equations  of  (717)  have  been  used  to  simplify  this  result  which 
will  be  used  to  obtain  the  second  derivative  of  cos  ■0.  Evaluating  (784)  through  (786) 
at  the  central  diffraction  point  we  obtain 


COS^’Iq^  =  cos ’ll) c 


dcosil) 


dl 

cos  Ip 


dcos  Ip 


dP 


dXe 
(jP  COS -Ip 


=  0 


Qc 


Qc 


dxi 


siaP  ipc  cos  sin*  ■0c 


p5(<3=) 


PgiQc) 


(787a) 

(787b) 

(787c) 


which  will  now  be  used  to  determine  the  derivatives  of  ip.  Using  the  chain  rule,  cosip 
can  be  differentiated  as 

dcos  Ip 


dl 

dP  cosip 
dP 


=  —  sm 


•  /  ( 


(788a) 


(788b) 


which  can  be  evaluated  at  the  central  diffraction  point  and  (787)  used  to  obtain 


01 

IQc  =  't’c 

dip 

H 

dip 

=  0 

Qc 

dPip 

dPip 

sin  0c  cos  0c  sin  ipc 

dP 

Qc  ~ 

Qc  PgiQ^:)  PgiQc) 

(789a) 

(789b) 

(789c) 


as  the  derivatives  of  ip.  Following  a  similar  differentiation  process  as  before  and 
evaluating  the  derivatives  at  the  central  diffraction  points 


(790a) 
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d'lf}' 

di>' 

=  0 

Qc 

IT 

Qc 

sin  “00  cos  0'  sin  0' 

dP 

Qc 

Qc  PgiQ<d  PgiQc) 

where  for  plane  wave  incidence  (i.e.,  Ri  oo)  we  obtain: 


(790b) 

(790c) 


€ 


(791a) 
(791b) 

(791c) 

Finally,  using  (789)  and  (791)  in  =  •^  q:  and  evaluating  them  at  the  central 
diffraction  point  we  get 


d0' 

II 

1^. 

=  0 

dl 

lo. 

Qc 

d20' 

(Pi;' 

_  sin  0' cos  0' 

dP 

Qc  ® 

Q^  PgiQc) 

=V’cTV’c 

Wc 


dl 

dP 


dl 


Qc 


dP 


dXe 


=  0 


(792a) 

(792b) 


dxl 


j  sin  0c  cos  0c  sin  0c  1 

fsin0'cos0''l 

1  “-C />»(«.)  r 

f^giQc)  J 

(792c) 

) 

as  the  required  derivatives.  Also,  the  distance  parameter  L  =  r  sin^  /0  can  be  differ¬ 
entiated  using  the  results  of  Section  2  to  obtain 


which  is  now  evaluated  at  the  central  diffraction  point  and  simplified  to  get 


(793a) 

(793b) 
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as  the  required  derivatives.  The  angle  parameter  a('®^)  =  2  cos^  (^) 
differentiated  using  the  chain  rule 


da(t=F) 

dl 

d:^a{9^) 

dP 


(795a) 


(795b) 


which,  at  the  central  diffraction  point  gives 
a($,^)  =  2cos2^^j 


do($=F) 


dl 

(i2o($=F) 


do(^^)| 


dp 


dXe  1, 

d^a(^T) 


=  0 


d®? 


(796a) 

(796b) 

(796c) 


as  the  first  two  derivatives.  We  are  now  in  a  position  to  differentiate  the  argument  of 
the  Fresnel  transition  function  =  kLa(9^).  Using  the  chain  rule 

dX^ 


dl 

di^x^ 

dP 


■  ‘(S)- 


+  kL 


($''')  +  2k 


fdL\  (da{9^)\ 
dl  j  V  dl  ) 


(797a) 


(797b) 


and  evaluating  these  at  the  central  diffraction  point  and  simplifying 


(798a) 

(798b) 


(798c) 
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wldch  axe  the  derivatives  of  interest.  Next,  the  differentiation  of  the  Fresnel  transition 
function  is  to  be  determined.  Using  the  chain  rule 


dF[X^]  dX^  dF[X^] 
dl  ~  dl  dX^ 


(799) 


which  is  then  differentiated  again 


(PF[X^]  _  cPX^  dF[X^] 
dP  ~  dP  dX^ 


<PF[X^] 


(800) 


where  it  is  now  necessary  to  determine  the  derivatives  of  the  Fresnel  transition  func¬ 
tion  with  respect  to  its  argument.  To  do  so,  we  recall  (6)  from  Chapter  2 


oo 

F[a;]  =  2j\/xe'®  J  dr 


(801) 


which  is  the  Fresnel  transition  function.  We  must  know  how  to  differentiate  the 
Fresnel  integral  in  order  to  correctly  differentiate  the  Fresnel  transition  function. 
Using  the  fact  that  [50] 

=  (802) 

P 

and  using  the  chain  rule,  the  derivative  of  the  Fresnel  transition  function  is 


dF[x] 


—  2j  -I-  j  e  dr  -  j 

F[x]-F,[x] 

2x 


(803) 


with  respect  to  its  argument.  The  slope  diffraction  transition  function  is  given  by 


F,lx]  =  2jx{l-FlxJ}. 


(804) 


Finally,  substituting  (798)  and  (803)  into  (799)  and  (800)  and  evaluating  them  at  the 
central  diffraction  point  we  obtain 


dl 

dc‘F[Xf] 

dP 


/’[t<i.a(«?)] 
ijFfJfT]  _  iiF|A'4] 
dl  dx^ 

<PF[X^]\  <PF[X^ 


(805a) 

(805b) 
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1  «cCOsV»c  1 

.  PgiQc)  . 


Sc  cos  V'c 


1 

2  (  dP 


tan(^j|{fra-F,K^}  (805c) 


as  the  derivatives  of  the  Fresnel  transition  function  with  respect  to  arc  length.  Now, 
differentiating  the  secant  terms  in  the  half-plane  diffraction  coefficients  using  the  chain 
rule, 

icec(5)  _ 


d2sec(^)  ^  1 


2  I  dP 


i(¥) -(¥)“(¥) 

K")  ■■(¥)“(¥) 

;(¥)■  I- (¥)-(¥ 


+  sec 


where  evaluating  these  derivatives  at  the  central  diffraction  point  we  get 


dsec(^)  dsec 

dl  dxe 

Qc  ( 

d?  sec  I  sec 


(806b) 


(807a) 


(807b) 


(¥)IK 


iSI,„ 


(807c) 


which  finally  allows  us  to  differentiate  the  half-plane  diffraction  coefficients  using  the 
chain  rule. 

We  are  in  a  position  to  differentiate  the  ITD  half-plane  diffraction  coefficients 
in  (780)  since  we  have  differentiated  the  secant  terms  and  the  Fresnel  transition 
functions  with  respect  to  arc  length.  Using  the  chain  rule. 


dDs,h[Q') 

dl 


dsec  (^) 


F[X-]  -1-  sec 


dF[X-] 

dl 


(808) 
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is  the  first  derivative  and 


d^D,,h{Q')  _  lff‘^sec(^) 


-F[X-]  +  2 


dsec  (^)  dF[X-] 


+  sec 


9-\  d:^F[X-]  ]  r<i^sec(^) 


(^) 


F[A'+] 


dsec(^)  dF[X+] 


+  sec 


(¥) 


dP 


(809) 


is  the  second  derivative  of  the  ITD  half-plane  diffraction  coefficients  with  respect  to 
arc  length.  In  order  to  place  the  final  result  in  terms  of  auxiliary  half-plane  diffraction 
coefficients  that  have  the  same  form  as  the  UTD  half-plane  diffraction  coefficients, 
let: 


D.M.)  = 

_e-W4 

y/2irk 

(810a) 

^I^a,h{Qc) 

_e-W4 

dD.j,{(n 

(810b) 

di 

\/2x/! 

di 

d^D,AQc) 

dP 

_e-W4 

d‘D.M') 

^  e. 

(810c) 

Therefore,  substituting  (805)  and  (807)  into  (810)  and  simplifying,  we  obtain 

dDffiiQc)  dDgfi(^Qc)  - 
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^D.AQc) 

dp 


dPD,AQc) 

dxl 


8c  COS 

Pg^Qc) 
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Sc  COS  tj}^ 

PgiQc) 


I  [iJ,j.(Qc)  -  (812) 


as  the  first  two  derivatives  of  the  half-plane  diffiaction  coefficients  with  respect  to  arc 
length  evaluated  at  the  central  diffraction  point.  We  note  that 


-e-W-  [  f 

2\/2irl!  I  co8(%-)  cos 


(813) 


are  the  typical  UTD  half-plane  diffraction  coefficients  for  normal  incidence.  There 
are  also  two  auxiliary  half-plane  diffraction  coefficients 


in 


<=“{¥) 


and 


5{IK^)"(¥)I 

\  cos(^)  ^  cos(^)  I 


which  appear  in  (812),  where  T  V’c 

a((PJ)  =  2cos=(^). 

Also,  the  slope  diffraction  transition  function  is  defined  as 


(814) 


(815) 


(816) 


f.)®]  =  2,'®  {1  -  F[®]} 


(817) 


and  the  second  derisatlTe  of  with  respect  to  arc  length  is 
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sin0c  1 
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1  pI(Qc) 
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evaluated  at  the  central  dli&action  point  as  given  by  (792). 


(818) 
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